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Abstract

In this paper we prove identities involving the classical Jacobi theta functions of the form

Y c(it,iz,i3,i4)01(z]T)"102(2|1)"203(2T)304(z]T)"* = 0 with c(iy,iz,i3,i4) € K[O], where K is a com-
putable field and © := {G(IZHI)(O\T) tke N} U {95-2]() (O|t): keNand j = 2,3,4}. We give two al-
gorithms that solve this problem. The second algorithm is simpler and works in a restricted input
class.

Key words: Jacobi theta functions, modular forms, algorithmic zero-recognition, computer
algebra, automatic proving of special function identities

1. Introduction

Our ultimate goal is to develop computer-assisted treatment for identities among
Jacobi theta functions, namely, to automatize the proving procedures of relations and
the discovery of relations.

Let us recall the definition of Jacobi theta functions 6;(z|t) (j = 1,...,4):
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Definition 1.1. (DLMF, 2015, 20.2(i)) Let t € H := {z € C : Im(z) > 0} and ¢ := ™7, then

01(z,9) :==0;(z]7) ;=2 i (—1)”q(”+%)2 sin((2n+1)z),

n=0
02(z,q) :=02(z]t) :=2 Z q(”%)2 cos((2n+1)z),
n=0
03(z,9) :=03(z|t) :=1+2 Z q”2 cos(2nz),
n=1

=

04(z,9) :=04(z|T) :=1+2 Z( 1)”q” cos(2nz).
n=1

As a first step towards the goal we mentioned in the beginning, in Ye (2017) we pro-
vided an algorithm to prove identities involving the derivatives of 0;(z|t) (j = 1,2,3,4),
in particular, involving

k k 26,
0" =6\ (0J7) := R ach) Z:o’ keN:={0,1,2,...}.

For example, Algorithm 5.11 of Ye (2017) can assist us to prove identities like
06, —3(64)% — 2036363 =0
from (Rademacher, 1973, (93.22)),

(5) " no g
67/ -3 O + 2 9 __B 9 —_Y)=0
9 eu e(l eB e(x 9'\{
from (Rademacher, 1973, (93.7)), where o, B,y = 2,3,4, and
3
e(l ) e// e// e//

from (Lawden, 1989, p. 22).
More generally, in Ye (2017) we showed that this algorithm can do zero-recognition
on any function in K[®], which is the K-algebra generated by

0= {e(”‘“ (Oft) : ke N} U {952")(0\1-) keNand j= 2,3,4} ,

where K C C is an effectively computable field which contains all the complex constants
we need (ie., i, e"/4,

ol (0|t) (m=2,3,4) when k; € 2N+ 1 is that by Definition 1.1 these are equal to zero.

etc.). The reason why we omit 9 (0|’c) when k; € 2N, and omit

In this article we extend the function space K[®] to
Ry :=K[O][6)(z]7),02(2|7), 03(2[7), 04(2]7)),
which is the K[®]-algebra generated by 0;(z|t),02(z|t),03(z|t) and 64(z|7). In particular,

we solve the following problem algorithmically:

Problem 1.1. Given f € R;, decide whether f = 0.



In order to make the presentation simpler, we use the
Notation. For o = (011,00, 03, 014) € Z*:

8%(z) 1= 0%(z7) := 01(2|T) ™ B2(2]T) 63 (2]T) B4 (2]1)** = 01 (2) ™1 02(2)*203(2) 04 (2) ™.

For example, our algorithm can prove identities like

62(0)°62(2)” — 03(0)03(2)” +64(0)*64(2)* =0, ! (1.1)
02(0)201 (2) + 04(0)03(2)> — 03(0)04(2)> = 0, (1.2)
01(2)* +03(2)* —02(2)* — 04(2)* =0, (1.3)

from (Whittaker and Watson, 1927, p. 466 and p. 469) and (DLMF, 2015, 20.7).
The algorithm can also be used to prove more complicated identities like the follow-
ing one which is produced by our method in Section 6.1.2 of Ye (2016).

€103(2)204(2) + 204 (2)* + ¢303(2)* + 461 (2)62(2)* = 0, (1.4)

where
c1 := —1603626] — 40,050; — 40,0630, — 3262036, +3260,626260,",
¢y 1= 14030304 + 26,050, 120,030 + 1603040,” — 160,636,",
c3 1= 2030 + 20,0363 + 26,6 + 16036,” — 160,66,”,
cq = —12030363.

The reader may observe that if we write (1.1) and (1.2) as 8,(0)26,(z)> = 05(0)263(z) —
04(0)204(z)* and 0,(0)20;(z)> = 03(0)204(z)*> — 04(0)?05(z)?, and multiply them on both
sides, we get

¢103(2)%04(2)% + 8204(2)* + E303(2)* + €401 (2)02(2)* = 0, (1.5)

a similar form as (1.4) but with ¢ := 03 + 6%, & = &3 := —6203 and & := —03. One may
wonder if (1.4) and (1.5) are the same identity. We will not discuss the connections be-
tween (1.4) and (1.5) in this paper. Again this question can be solved algorithmically.
For more details we refer to Sections 6.1.1 and 6.3.2 of Ye (2016).

The framework used to solve Problem 1.1 is the theory of elliptic functions and mod-
ular forms. In particular, we have to use an essential tool, which is Algorithm 5.11 from
Ye (2017). As a result, we provide Algorithm 3.9 for solving Problem 1.1.

However, we observed that in the literature most identities fitting into Problem 1.1
are also in a smaller class, in which the coefficient set K[®] is replaced by a subalgebra

K[®]), := {p(82(0),05(0),64(0)) : p € K[x,y,z] homogeneous}.
We define

Ry :=K[O][01(2]7), 02(2]7), 03(2[7), 04 (2] 7))

Restricting K[®] to K[®];, we provide Algorithm 6.6 to solve the following problem
algorithmically without invoking Algorithm 5.11 of Ye (2017).

Problem 1.2. Given f € R;, decide whether f = 0.

! We use the notation f; (z1,22,...) = fo(z1,22,...) if we want to emphasize that the equality between the
functions holds for all possible choices of the arguments z;.



For example, Algorithm 6.6 can be used to prove identities like (1.1), (1.2), (1.3).

Algorithm 6.6 is faster than Algorithm 3.9 in our experiments. We will give some
brief arguments concerning the speed comparison in the end of this paper. Moreover,
working with this restricted class, we also found some classical mathematical insights,
such as Proposition 5.2 and Lemma 5.8.

The paper is organized as follows. In Section 2 we present a theorem to decompose
any f(z|t) € R; into a set of quasi-elliptic components of f(z|t), and prove that f(z|t) =0
if and only if its quasi-elliptic components are all equal to zero. In Section 3 we give an
algorithm to decide if a quasi-elliptic component of any function in R; is equal to zero
or not, thus we achieve the goal to prove or disprove f(z|t) = 0. In Section 4 we derive a
theorem connecting the Weierstrass elliptic function and the theta functions in a (new)
way, which plays an important role for solving Problem 1.2. Working in the restricted
space R, in Section 5 we obtain a critical lemma about the finite-orbit weight. In Section
6 we give an algorithm to decide whether any function in R; is equal to zero or not, thus
we achieve the goal of solving Problem 1.2.

Convention. (i) Throughout the paper 1 is always in the upper-half plane H and for
z=ce® (c>0,0 < ¢ < 2m) we define " := "¢ for r € 1 Z.

(ii) For two sets A and B, we use B* to present the set of functions {f: A — B}.

(iii) For any o € Z" we write oo = (ay,...,0,) and define |a| := o +- - - + 0.

2. Decomposition into quasi-elliptic components
Definition 2.1. Given a finite set M C N*, define
fu: K@M =R,
v fu(W) = iy

where

M) =Y w(o)e*(z[).

oaeM

Notation. If M is clear from the context, we write f instead of fis, and f¥ instead of f,).
Sometimes, for convenience, we use fY¥(z) to present f¥(z|t).

As an illustration of Definition 2.1, let us look at the identity (1.4). Here we have

M ={(0,0,2,2),(0,0,0,4),(0,0,4,0),(2,2,0,0)}, (2.1)
v((0,0,2,2)) = c1, ¥((0,0,0,4)) = 2, ¥((0,0,4,0)) = c3, ¥((2,2,0,0)) = c4 and
FY(2) = 185(2)%04(2)% + 204(2)* + 303 (2)* + 401 (2)*02(2)*.

In order to decompose f,; € R;, we decompose the corresponding M first.

Definition 2.2. Given a, € N*, we say that o, B are similar if
lo| = |B], o1 + 0ty = By + Ba(mod?2) and oy + oz = Py + P2(mod?2),

denoted by o ~ f.



One can verify that ~ is an equivalence relation.

Example 2.3. (i) (0,0,2,2) ~ (0,0,0,4) ~ (0,0,4,0) ~ (2,2,0,0).
(i) Let M = {(0,0,2,0),(0,0,0,2),(2,0,2,0),(2,1,1,0)}. Then

M/ ~={{(0,0,2,0),(0,0,0,2)},{(2,0,2,0)},{(2,1,1,0)} }.
Definition 2.4. Let f¥ = f)) € Ri. If M/ ~= {M}, we say that fV is quasi-elliptic.

Definition 2.5. Given f¥ = fA‘,‘; €Ryand M/ ~={M,,...,M,}, we define the set of quasi-
elliptic components of ¥ by
{fla"'7fn}7
where f; := f;; and y; := Y|y,
Example 2.6. Let M = {(0,0,2,0),(0,0,0,2),(2,0,2,0),(2,1,1,0)} and
Y= fi = c185(2)* +¢204(2)* + 301 (2)°05(2)% + 401 (2)?02(2)85(2)
with the ¢; € K[®]. Then the set of quasi-elliptic components of fV is
{c103(2)* + 204(2)?, 301 (2)?03(2)%, 401 (2)%02(2)03(2) }.
Theorem 2.7. Let fV = fA",; €Rjand fi,..., fn be the quasi-elliptic components of fV, then
f¥(z]t) =0 if and only if fj(z|t) =0forall j € {1,...,n}.

Before we prove this theorem, we need to recall the following lemma.

Lemma 2.8. (Whittaker and Watson, 1927, p. 465) Let N := ¢ ™" %= For j € {1,2,3,4}
we have 0;(z+mt|t) =€(})0;(z|]t) and 6, (z+|t) = €2(/)0;(z|t) where €;(j) and €, (j) are
defined in Table 2.1.

e(j) | -N| N | N|-N

v
\
_
\
—
—
—

e(j

Table 2.1.

Proof of Theorem 2.7. If fV¥i(z|t) =0 forall j € {1...n} then f¥(z|t) =0 is immediate.
Suppose f¥(z|t) =0. Write fY(z|t) := ¥ w(a)0%(z|t) and {d,...,dn} :={|a|: a € M}.
oeM

Next we define

fo@= Y  w(@e%:z) and fu():= ) = w(@)6%().

aeM aceM
|ot|=dy |ot|=d;
o +0y even o +0y odd

By employing Table 2.1, we obtain for r € {1,...,m},

fioz+nt) =N f,0(z) and fi1(z+71) = —NUf, 1(2).
Then for k € Z,

fro(z+kt) + fi (2 k) = (N fro(@) + (=N") £ (2):



Thus the system of equations

(N fio(2) + (N fi(z) (ke {0,1,...,2m—1})

™=

0=f(z) = f(z+knr) =

t

can be written as

1 1 1 1 f10

N —_N% ... Ndm — NAm fia

(VR (N2 e (N [ =0 @)
. . . . . fm,O

(Nd1 )mel (_Nd1 )2;1171 . (Ndm)mel (_Ndm)me] ﬁn,l

Since N # 0, the determinant of this Vandermonde matrix is nonzero. Hence we obtain
fii=0forallr e {1,...,m}and i€ {0,1}.
Next we write f; ; = f; 4,0+ ft,a,1 Where

fioo@ =Y  w@6%z) and fioi1(z):= Y = w(o)8*(z),

oM oaeM
o =d; |ot|=d;
o +0y even o] +0y even
o +0p even o +0oy odd
fao@i= ) w(@e%z) and fui(x):= ) w(@)8*()
oeM oaeM
|ot]=d; |ot|=ds
oy +oy odd oy +oy odd
o +0p even oy +oy odd

Again by using Table 2.1, we obtain for a € {0,1},

0= ft.,a(z + TC) = ft,aAO(Z + TC) +ft,a,1 (Z + TC) = ft,a,O(Z) - ft,a.,l (Z)

This together with 0 = f; , = fi o0+ fi a1 implies f; o0 = fiq1 =0forallz € {1,...,m} and
ae{0,1}.

In view of Definitions 2.2 and 2.5 the quasi-elliptic components of fV are exactly
fra0sfrag witht € {1,....m} and a € {0,1}. O

3. Zero-recognition for f¥ € R,

In this section we will use elliptic function properties to decide whether any given
fY¥ € R, is identically zero.

Lemma 3.1. Given a,p € N*, if a.~ B then 2:2;‘3

is an elliptic function of z.

Proof. We have to show that the quotient is periodic in two directions. For this purpose,
we apply Lemma 2.1:

0%(z+m1) _ (—DUTHUNIe%(z) _ 6%(2)

BB (z4mt)  (—1)Bi+BsNIBlOB(z) — 0B(z)’



where we exploited the fact that o ~ p. Similarly we can show

0%(z+1) _ (=DM N8 z) _ 8%(z)

OB(z+1)  (—1)P+PaNPlgB(z) ~ OB(z)”

O

Definition 3.2. Let w;,, € C be linearly independent over R. A period-parallelogram
with periods ®; and @, is denoted by

P(o), ) :={t10) + 5wy : 11,5 € [0,1[}.

Note. In this paper, ®; = 7w and o, = 7t. Usually in the literature, e.g. in (Chandrasekha-
ran, 1985, p. 23, Th. 3), (Jones and Singerman, 2005, p. 75, Th. 3.6.4) and (Whittaker and
Watson, 1927, p. 432), a different definition of parallelogram with periods ®; and o, is
given by

Plo,m) :={Ho] + 6w, : 11,5 € [0,1]}.

Proposition 3.3. (Whittaker and Watson, 1927, 21.12) For each j € {1,2,3,4}, 6;(z) has
only one zero in P(r,nt). The zeros of 61(z), 02(z), 83(z), 84(z) are at the points congruent

respectively to 0, 5, § + &, &, modulo {mn+nnt: m,n € Z}.

Definition 3.4. Given a meromorphic function f on C, we define
poles(f) :={z€ C: fhasapoleat z}

and
zeros(f) :={z € C: f has a zero at z}.

We recall the following classical Lemma.

Lemma 3.5. (Chandrasekharan, 1985, p. 23, Th. 3) For any nonzero elliptic function f
with periods ®; and ,, one has

# (poles(f) N P(w1,0,)) = # (zeros(f) NP(w;,)).

Note. poles(f) N P(w;,m,) and zeros(f) N P(w;,w,) are finite sets. From Proposition 3.3
we learn that 8y,...,0, have in total 9 zeros in P(w;,®;), while they have only 4 zeros
in P(w;,m,). For the simplicity of our algorithm, i.e., to compute as less as possible,
we want to work with P(@;,,) instead of P(®;,®,). Therefore we need to prove the
following theorem.

Theorem 3.6. For any nonzero elliptic function f with periods ®; and o,, one has

# (poles(f) NP(wy,m,)) = # (zeros(f) NP(wy,®y)).

Proof. LetH:={z€ P(mw;,®,): f has a pole or zero at z}, h; :=max{r;: tj®; +r0; € H witht,1, €
[0,1[} and Ay :=max{rr: 110; +10, € H with 11,1, € [0, 1[}. We define a closed period par-
allelogram by

P(a;01,0;) = {a+bw; +cw, : b,c €[0,1]}
with

L=hi
a.= —
) 1

1-h

7.
) 2



The following image visualizes the positions of P(a;®;,0,) and P(®;, ;).

T

P(a;mla(")Z) 4

Let A denote

{Z 1 zZE P(OJ],OJz) \P(a;(x)l ,(1)2)}
plus the line segments where P(®;,®,) intersects the boundary of P(a;®;,,); let B de-
note

{Z izeE p(a;(,l)l,(,l)z) \P((Dl,(,l)z)}.
By the definition of P(a;®;,,), one can easily check that (i) f(z) has no poles or zeros
in A; and (ii) for any y € P(w1,,) if y is a zero (or a pole) of f(z), then y is also in the
interior of P(a; 1, ).

Next, one can verify that (iii) for every z € C there exists exactly one point z; €
P(w,0,) such that z = z; +m; + no, with m,n € Z; moreover, (iv) for ever point z in
B the corresponding z; is in A.

On the other hand, (iii) yields that for any z € C there exists exactly one point z; €
P(wy,0,) such that f(z) = f(z1 +mw; +nw) = f(z1).

Using (ii) and (iv), we deduce that f(z) does not have any zeros or poles in B. Hence,
f(z) does not have any zeros or poles on the boundary of P(a;®;,®;), and the set of
zeros and poles in P(a;®;, ;) are the same as the set of zeros and poles in P(®;, ).
Applying Lemma 3.5 we complete the proof. O

Definition 3.7. Given a finite set M C N*, we define
min(M, ) := {(B1,B2,B3,P4) € M : B; =min{oy : ¢ € M and y(a) #0}}.

Lemma 3.8. Let f¥(z|t) ;== ¥ w()8%(z) be quasi-elliptic. For any B = (B1,B2,B3,B4) €
aeM

idtdo]

min(M,y), let gg(z|t) := 8 2)

. Then gg(z|t) has a Taylor expansion

oo

gp(zlt) =Y d;(0)

j=0
with d;(1) € K(®).2
Proof. From Definition 1.1 we know that for fixed t© € H the 0;(z|t) (j = 1,...,4) are

analytic functions on the whole complex plane with respect to z, and for fixed z € C, the
0(z|t) (j=1,...,4) are analytic functions of t for all T € H. By Proposition 3.3, only 6, (z)

has a zero at z = 0. Since all 9?1 (z) in the denominator of gg(z|t) cancel against each 6*(z)

2 K(®) denotes the quotient field of K[®] consisting of all quotients P(®)/Q(®) with P(®),0(®) € K[O)].



by the choice of B, we deduce that gg(z|7) is analytic at z = 0. Hence we have the Taylor
expansion around z = 0.
O

Algorithm 3.9. Given f¥ € R; with f¥ = £}, we have the following algorithm to decide
whether ¥V =0.

Input: f¥ € R;.
Output: True if /¥ = 0; False if fV # 0.

Compute the quasi-elliptic components of ¥, denoted by fi,..., frand fj= ¥ wy(0)6*.

oeM;
forj=1,...,ndo
take a random B = (B1,B2,B3,B4) € min(M;,y) and compute the expansion

fiEY & k
g = L o)z

fork=0,...,B2+P3+Ps do
if di(t) =0 then
k< k+1
else return False
end if
end for
end for
return True

Note. In Algorithm 3.9, we use Algorithm 5.11 of Ye (2017) to check whether dj(t) = 0.

Theorem 3.10. Algorithm 3.9 is correct.

Proof. According to Definition 2.2 we can always write any fV¥ € R; into a sum of quasi-
elliptic components of f¥ = £, for some finite set M C N*. By Lemma 3.8 we always have
a Taylor expansion of gf‘((jl?) atz=0.

Assume fY¥ = 0. Then by Theorem 2.7, f; =0 for all j € {1,...,n}. Hence the corre-
sponding g = 0, which implies di(t) = 0 for all k € N. Therefore Algorithm 3.9 returns
True.

Assume fY # 0. By Theorem 2.7, there exists a ¢ € {1,...,n} such that f; # 0. Then
the corresponding g is nonzero. If g is a constant, then dy # 0 and Algorithm 3.9 returns
False. Assume g is not a constant. By Lemma 3.1, g(z|t) is an elliptic function. Since g(z|7)
has at most B, + B3 + P4 poles in P(r,nt), by Theorem 3.6 we deduce that g(z|t) has at
most B2 + B3 + B4 zeros in P(x,nt). This means do(7), ... ,dp,+p,+p, (T) cannot be all zero.
Thus Algorithm 3.9 returns False. O

Example 3.11. Prove
f(z) :=c103(2)?04(2)* + 204 (2)* + ¢305(2)* + 401 (2)*02(2)* = 0,

where the ¢; are chosen as in identity (1.4).



Proof. One can check by Definition 2.2 that f has only one quasi-elliptic component,
itself. Following Algorithm 3.9,

_ fk) 827 03(z)* 01(2)?02(z)?
8(z) = C394(Z)476194(z)2+62+63 O

Then N
g(z) =Y di(v)"
k=0

with do(T) = 40363 + 303 + 16203 + 204 and dy(t) for k= 1,...,4 of a form similar to
do(t). By Algorithm 5.11 in Ye (2017) we can prove that dy = --- = d4 = 0. Thus by Algo-
rithm 3.9 wehave g=0. O

Note. This identity contains only one quasi-elliptic component, and in general the iden-
tities we found in the literature are stated in their simplest form. Consequently, to pro-
duce an identity with more than one quasi-elliptic component, we need to take one
identity containing one quasi-elliptic component (multiplied by an element of R;) and
add to it another identity containing one quasi-elliptic component (multiplied by an
element of Ry).

The following proposition shows that there is a further decomposition step that can be
done before doing zero-recognition.

Proposition 3.12. Given f¥(z) = ¥ w(0)6%(z) € R}, then f(z) = 0if and only if

oaeM

Y w(@)e%*(z)=0

aEN;
fori=1,2, where Ny :={(a,...,04) EM: oj isodd} and N, :={(aq,...,04) EM : a; is even}.

Proof. If ¥ wy(a)0%(z) =0 fori= 1,2 then f(z) = 0is immediate. Assume f(z) = 0. Let

aEN;

fi@): =), w(@)8(z).

aEN;

By Definition 1.1, 8;(z) is an odd function while the other three are even functions, hence

0=fY(z) =¥ (—2) = —filx) + f(2).
This together with f¥(z) = fi(z) + f2(z) implies fi(z) =0and f2(z) =0. O

4. Theta functions and Weierstrass £ function

We are going to derive some connections between theta functions and the  function.
By applying them, we will obtain a faster algorithm on the restricted class R.

Definition 4.1. [elliptic theta-quotients]
J:={6%(z) : o € Z* such that 8% (z) is elliptic}.

10



Lemma 4.2. J forms a multiplicative group which is generated by

2 2
0= 2 )= PP = D)

In particular, for a given p(z) = 01(z)*10,(2)*203(2)*04(z)* € J, the presentation in terms
of the generators is

Oy —0y O3 —0y

p=i1 2 j * it

Proof. By the help of Table 2.1, one can verify that ji, j»,j3 € J and that J is a mul-
tiplicative group. Suppose p(z) = 01(z)*10,(z)*203(2)*304(z)*, then p(z) € J. Moreover,
p(z) = p(z+mnt) and p(z) = p(z+ ), because every element in J is elliptic. On the other
hand, by Table 2.1 we have

p(z+mt) = (—1)NFTHNIFTRTBTU p() and p(z+7) = (—1)MT%p(z).

Hence o;; + 0o + 03 + 04 =0, 0y + 04 is even and o + 0l is even. This implies that if o is
even then also o, o3 and oy must be even, and if o is odd then also o, oz and oy must
be odd. Therefore %5%, 5% and oy are all integers. Moreover,

Oy —Oly  0l3—0y

J12 j22

0y — 0 F0lg — 030y — 3004 (Ol —Olg 0ty (O3 — 04 +0lg [0l
J3' =9 0, 03 0,
_ 0 —03—0g 0 103 £0l4

=6 0520570}

_ A% %2 [%3 004

=0"05203°05

:p.

Proposition 4.3. (Freitag and Busam, 2005, p. 266, Prop. V.2.11) The Weierstrass § func-
tion has a Laurent expansion

| =
P(z;01,m) = a2t Y (2k+1)Ey 2 (01, )27,
k=1
where Ey2(01,0;) := Y (mw; + nw,) %2 is an Eisenstein series.
(m,n)€Z2\{(0,0)}

Theorem 4.4. The generators ji, j; and j3 of J satisfy

61(0)2
2
j2(2) = R (9(2) —e3);
— ] /
]3(Z) = _W(@ (Z)7

where §(z) := ¢(z, 7, wt) is the Weierstrass elliptic function with periods ® and @t , e; :=
1(05(0)* +04(0)*) and e3 := 1(82(0)* — 84(0)*).

3 See p. 102 of Kécher and Krieg (1985).
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8,(2)°

Proof. Recall the notation G;k) = Gﬁk)(O\‘t). Since HEE is elliptic with a double pole at
z=0and is an even function, we can expand it as

_1( 63} 020" 929”
01(z)2 22 9’2Jr 9/3 T
(3)

G 0200 0,0/
:9’1z2+< 307 e )T

Following Proposition 4.3,

where ¢, = (2n+ 1)Ep,12(n,nt). Thus 0(z) —
has to be constant, i.e.,

02 0,(x2 30, 6, 3
where the second last equality is proven using Algorithm 5.11 in Ye (2017). Thus

=5 (0(z) —er). (4.1)

Analogously, we have

where the second last equality is proven using Algorithm 5.11 of Ye (2017), and thus

03(2)° _ 63
== —e3). 4.2

One can verify that j3(z) = % € J is an odd elliptic function, and we have the
series expansion

0,(2)03(2)0

AL N S

01(z)°
where
o 0,630,
3= s
0,3

(036040204 + 0,0,0)26/] + 0,00)%6) + 0,050/6'")),

a1 =

29’ 20,5
and a is also in K(©®) but irrelevant to this proof. We have checked with Algorithm 5.11
of Ye (2017) that a_; is zero. From Proposition 4.3 we derive

,
©'(z) = —5+ Y 2k(2k+ 1) Epe i (4.3)
k=1
Therefore

02(2)03(2)04(z) | 1620364
01(z)3 2 9,3

9'(z) (4.4)

12



has no poles and therefore has to be constant. We take z = 0 and it turns out that the
expression (4.4) is equal to zero. Thus

02(2)03(2)04(z) _ 1620304

el(Z)3 = 9/13 o (Z)E_EG'IZ @/(Z),
where the last equality follows from the famous identity

0] = 0,056,
which can be also proven by Algorithm 5.11 of Ye (2017). O

Remark. Replacing zby 7 in (4.1) and using 6, (%) =0, we obtain p(%) = ey; substitut-
ing z by ™ in (4.2) and using 63 (%) =0 gives 50(%) = e3. It can be verified that

g? 82 is also elliptic, and similarly we have
04(z)> 63
91 (Z)z = 6/7142(50(2) - 62)

where e; := —%(9‘2l + 9‘3‘). Moreover, by 64(%) = 0 we obtain go(%) =es.

5. The finite-orbit weight

In this section we will show the particularity of R;, in terms of the finite-orbit weight,
which will be used in the next section as a crucial property.

Definition 5.1. Let M(H) := {g: gmeromorphic on H}. Given k € Z, we define a group
action

SLy(Z) x M(H) —s M(H)
(P, 8) > glkPp

where g[ip(t) := (ct+d) *g (425) for p := (¢4) € SLy(Z) and t € H. For each k € Z we

define the k-orbit of ¢ by Gi(g) := {glkp: p € SL2(Z)}.

Proposition 5.2. For a nonzero g € M(H), there exists at most one k € Z such that |Gy (g)|
is finite.

Proof. Let k and ¢ be integers such that Gi(g) and G;(g) are both finite orbit sets. We

need to prove that k =1. Let s := k —t. Take any g|;p € G;(g) withp = (¢5). Then

at+b
ct+d

glp(0) = (co+d) g (

— (et +d) (ct+d) g (“Hb>

ct+d
= (ct+d)’ - glp(T).

13



Hence we can rewrite the set G(g) as

Gi(g) = {(cHd)S-glkp: p= <j Z) € SLz(Z)}

ab
= {(C’C—Fd)S Babed: ( d) S SLz(Z) and 8ap,cd € Gk(g)} ,
C

where ggp.c.q := glep with p = (¢4). Assume 5 # 0 and Gi(g) = {a,...,a,}, and define
the map

01 SLa(Z) = Gi(g)
(45) ~ 8apea-
Let Aj:={(9%) € SL2(Z): gapca = aj}. By Definition 5.1, the map ¢ is surjective, thus
Aj # 0. Then we can write SLy(Z) = GlAj where A;NA; =0if i # j. Let
=

B; ::{(c,d): <£cl Z) GAJ}.

For every pair (c,d) € Z? with ged(c,d) = 1, there must exist some pairs (a,b) € Z* such
that (4%) € SL,(Z). Hence there exists r € {1,...,n} such that B, is infinite; otherwise

SLy(Z) # U A;. We also have
j=1

{(C‘H—d)sar: (“ Z) eA,} c {(c»c+d)sga,,,,c,d: (“ 2) c SLZ(Z)} — Gilg),

which implies
N := |{(ct+d)sar: (a b) eAr}
cd

On the other hand

N={(ct+d)*: (c,d) € B/}|, (5.2)
and the right hand side of (5.2) is equal to infinity because ¢t +d; # c2t+d> when
(c1,dy) # (c2,d>), and because the set B, is infinite. Thus N is equal to infinity, and by
(5.1), |G;(g)| = o=, which contradicts the assumption that G;(g) is a finite orbit set. There-
fores=0. O

<1Gi(g)l- 6.1)

Definition 5.3. Let g € M(H) be nonzero and k € Z be the unique number such that
|G (g)| is finite, we define the finite-orbit weight of g by

W(g) :=k.
By using Definitions 5.1 and 5.3 one can verify the following;:

Proposition 5.4. Given gi,...,8, € M(H) with W(g;) =k;. Then
D) W(g1---gn) =ki+--+kn,
) Ifky=--=kn=kand g;+---+g,#0,then W(g; +---+g,) =k

14



Lemma 5.5. (Serre, 1973, p. 78, Thm. 2) The group SL,(Z) is generated by

S = <01> andT::<1 1).
10 01

Note. According to this lemma, SL,(Z) = (S,T), hence
Gr(g) ={glkp: p € (S, T)}.

Thus in our working frame, to compute Gi(g), we compute {g|«p: p € (S,T)}}.
Lemma 5.6. (Whittaker and Watson, 1927, p. 475) For the action of S on 0;(z|t) (j =
1,...,4) we have

0, (z; - i) = —i(—it)ze' " 0)(zT/T); O <z| - ,lc) = (—it)2e' 7 04(z1)n);

itz 1 itz
e ™ 03(zt|T); 64 <z| — ’c) = (—ir)%eTez(zth).

D
W
N
Al
|
alr—
~__
Il
—~
J
a
=
D=

Directly from Definition 1.1 one can deduce the following.
Lemma 5.7. For the action of 7 on 6,(t) (j = 1,...,4) we have

01(zt+1)=e?0,(zlt); Oa(zlt+1)=e?0s(zl);
03(z|t+1) =04(z]7):  B4(z|T+1) =03(z[7).

Now we show the special property of functions in R;.

Lemma 5.8. Let f¥(z|t) = ): y()0%(z) € Ry be quasi-elliptic and B € min(M, ). Sup-

pose the series expansion of v )%‘ﬁ?) around z = 0 is of the form )of dn(1)Z" with dy (1) €
n=0

K(®). Then W(d,) = n when d, # 0.

(B)(Z‘T()) has a Taylor expansion around z = 0. Since fY¥(z|t) is
0%(@) ;

’Gﬁ()

In view of o\ B = y W ) , we are going to show that the assertion is true for
v(p)e ( oM \V(

every ¥ (@672)  then we show the assertion is true for <Zm

w(B)6P(z)” (B) Pz)®
Lemma 4 2 and Theorem 4.4 there exist integers a, b, c, such that

0%z) 1\¢ 08,(0)%03(0)%
0h(z) ~ (-3) 'WMZ)

where p(z) 1= (£(z) —e1)*(9(2) —e3)” 9" (2)".
Applying Lemmas 5.6 and 5.7 one can verify that W(6,(0)?) = 1 and

Proof. By Lemma 3.8,

is elliptic for every o € M.

For any fixed o € M, by

(5.3)

G1(82(0)?) = {£6,(0),%i0,(0)2,£05(0), £i03(0)%, £04(0)2, £i04(0)*}.

15



Similarly we have W(63(0)?) = 1 and W(8/(0)?) = 3. Then by Proposition 5.4 (1) we
obtain

2a 2b
W () = W (0207 05(07) W (6] (0 %)

= W(02(0)%) +W(83(0)%) — W (8] (0)2*+2b+2¢)
=a+b—3a—3b—3c
= —2a—2b—3c.

Next we compute W ([z"]p(z)), where by [z"] p(z) we mean the coefficient of 7" in the series
expansion of p(z) around z = 0. Let us first consider

pi(2) =2 p(2) = 2(9(2) — 1) (9(z) — €3)" 2 9 (2). (5.4)

Let g1(z) := 2>(¢2—e1). By Proposition 4.3 we have
g2 =1—e2?+ Z (2m+1)Epp 2222
m=1
where Eypi0:= Y o ("2 is an Eisenstein series and L is the lattice generated by ©
WEL,w#0

and mt. One can easily verify by using Definition 5.1 that W (1) = 0. Again using Lemma
5.6 and Lemma 5.7 one can verify that W(e;) = 2. In addition, according to (Serre, 1973,
p-83) form > 1,

W (Eom+2) W( Z m_(2m+2)> =2m+2.

OEL,w#0
Therefore, for any n > 0, if [z"]g1(z) # 0 then

W([")g1(z)) =n. (5.5)

Next we do a case distinction on the power of g;(z) in (5.4).

Case 1: a > 0. Then

W ([Z"|g1(2)") =W ( [2"]g1(z) - [Z"“]gl(Z)> :

ny+ny+-+ng=n

By (5.5) and by Proposition 5.4 (1), for any combination ny,...,n, such thatny+---+n, =
n we have

W([Z"]g1(2) -+ [2"]g1(2)) = W([Z"]g1(2)) + - + W([z"]g1(2))
=n+--+n,

=n.
Hence if a > 0, we find that

W (["|g1(z)*) =n when [¢"]g1(z)* # 0.

16



Case 2: a < 0. Then

W ([Z"lg1()*) =W <[Zn] (811(2) ) u)
o, E ) 5i)

Assuming gi(z) = ): v;z/ we have (Z) ): u;z/, noting that vy = uyp = 1. We have proven
=0

that for alln > 0, W(v,,) =n when v, # 0. Now we prove that W(u,) = n when u, # 0 by
induction on n. When n=0 we have W(ug) = W(vg) = 0. Assume for n <N, W(u,) = n.
Letn=N+1. Using Z vzl - Z u;jz’ = 1 we obtain
j_
_viun A voun—i+ - v VN

UN+1 = v —VIUN —V2UN—1 — " —VNU] — VN1
0

By Proposition 5.4 (2), if uy+1 # 0, then

W(uN+1) = W(—vluN —VoUN_1 — *++— VNU] — VN+1) =N-+1. (5.6)
Hence W (u,) = n when u,, # 0. For any combination ny,...,n_, such thatn;+---+n_,=n
we have
1 1 1 1
(o) ) (1 ) ()
<[ ] 81(2) "] g1(z) ") g1(2) ] g1(2)
:nl+..‘+n7u
=n.

Again by Proposition 5.4.2 and by (5.6), for any a < 0 we find that
W ([2"]g1(2)) =n when [Z"]gi(2)" # 0.
Analogously we deduce that for b,c € Z,
W ([zn]ZZb(sO—e3)b) —n and W([")* 0 () =n

whenever the function to which W is applied is nonzero. Consequently we deduce that
when [2"]pi(z) #0,

W ([12]p1(2) = W ([212(9(2) — e1)* 2 (9(2) — )2 0 (2)° )

=W ( Y, M@k —e) [ (9(2) —es)” [Z"3]Z3C@’(Z)C>
ni+ny+n3=n
=n1+ny+n3

where the second last equality follows from Proposition 5.4.1. This implies when [z"]p(z) #
0,
W ([2']p(z)) =W ([z"”“”””ﬂ pi (z)) —n+2a+2b+3c. (.7)
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Therefore if [7"] ggg; # 0, identity (5.3) implies

9% 1. 8,(0)205(0)%
v (v158) v (- i)
2a 2b
=W (W) +W ([*]p(z))

=—-2a—2b—3c+n+2a+2b+3c

=n.

Moreover, since both y(a) and y(B), by definition of 3, are homogeneous polynomi-

als in K[®]; with the same degree, one can check, by using Lemmas 5.6 and 5.7, that
w (M) =0 for all « € M. Hence

V(p)
S@ON (@)t
W (g ) =0 = shen VGG 40
" W(d,) = [Z”]W =nwhend, #0
_ Y& w(B)eb(z) e

6. Zero-recognition for f¥ € R,

Let us recall Definition 4.1. By Lemma 4.2 and Theorem 4.4, for any g—g eJwith a =
(a,...,04) and B = (By,---,Ps), we can write

6%(z) _( 1)C 02(0)*'03(0)*

0B(z) g (o P

where p(z) == (#(z) — e1)“($(z) — e3)" 9'(z). The function p(z) has the following prop-
erty.

5 (6.1)

Proposition 6.1. Let p(z) be the same as above and let g, denote the coefficient of z" in
the series expansion of p(z) around z = 0. Then when g, # 0 we have

|Gy, (8n)| <3=1G2(e1),
where w, is the finite-orbit weight of g,.

To prove this proposition, we need introduce the following definition.

Definition 6.2. (Freitag and Busam, 2005, p. 326) Let g = e witht € H. Givenk €N, a
modular form of weight & is an analytic function g on H such that

at+b\ P ab
g(ct—i—d) = (ct+d)"g(t) forall (c d) € SLy(Z),

and g(t) can be written as a Taylor series in powers of ¢ with complex coefficients; i.e.,

g(t) = Zatemj =) ajq’.
t=0 j=0
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Proof of Proposition 6.1. From the proof of Lemma 5.8 we observe that g, is a polyno-
mial in ey, e3 and E»,1> with some s > 1. Also, according to equation (5.7),

W(gn) =n+2a+2b+3c=:n

when g, #0. Let py, ..., p; be the monomials of g, where each such monomial is a (finite)
power product ellCl engﬁlEgz --- with a coefficient in K. One has
G (gn)l = [{(p1+-+pi)lwp: p € SLA(Z)}]. (6.2)

Additionally, from the proof of Lemma 5.8, the p; in (6.2) are of the form

ki ky N
e'ey’ HE2s+2
sEM;

where ki, k2,0, € N, M; C Nand 2k; +2k, + ¥ (25 +2)¢; = r'. It can be verified by using
sEM;

Lemma 5.6 and Lemma 5.7 that Gz2(e1) = Ga(e3) = {e1,e2,e3}, thus W(e;) = W(e3) = 3.
By (Serre, 1973, p. 83) we have that if s > 1 then Ey,, is a modular form of weight
2s + 2, which means
Eagi2|2512p = Eagyo for all p € SLy(Z).
Consequently,
E§§+2‘(2s+2)ap = E§§+2 forall p € SLy(Z).
By Proposition 5.4 (1),

W (H E§;+2> =Y (2s+2)¢;.

seEM; seM;

By Proposition 5.4 (2) we obtain W (p;) = 2k; +2ka+ ¥, (2s+2)¢,=n'forallie {1,...,t}.
seM;
Hence we continue (6.2) by

Gy (gn)l = {(p1+--+p)lwp: pESLZ)}]
SI{{plln/P, Pilwp}: p € SLa(Z)}]

= [{{(e1" 521w .- (1" €421 lwp} - p € SLa(Z) )]
k k ki, 1,
I{{ b 12 |2k11+k12)p ( €] 163 )|2k11+k12 p} pESLZ( )}l’ (63)
where the v; are the corresponding [] E2’§ 9 of p;. On the other hand, for k € N,
meM;
Gor(e) = {efup: p € SLa(Z)} = {e1fap---e1]2p: p € SLa(Z)} = {e},é5, ¢4},
k
and analogously G2k(e§) = ng(e{;) = {e’f, e’ﬁ, e’é}. Then
(e} S laqt, +1)P 2 P € SLa(Z)} = {€) oty P+ €5 21,p 1 P € SLa(Z)} = {€5' ¢}, €' €52 €2},

which means there are only three possibilities when applying an arbitrary p € SL(Z) on
every el e3’ * of (6.3). Note that the powers ; j are irrelevant, i.e., we can choose three

representatives py, p2 and p3 such that forall i € {1,...,¢},
k i kl 1 kt 2
(el e3 )|2 l1+k12 p1 _62 el )

k,| i k11 k[2
(el 63 )|2 11+k12)p2_63 €
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and
ki1 ki1 kio
(‘31 e3 )|2 (ki +ki)P3 =€1 €37 .

Hence the right hand side of (6.3) is equal to
kip ki ki1 keo k11 k12 ki1 kio ki1 k12 ki1 ki

{{261’ ey e} e ey ey b {e . ,e1e3}}.
Thus |G,/ (gn)] <3wheng,#0. O

Lemma 6.3. Let quasi-elliptic fY(z|]t) = ¥ w(a)8%(z|t) € Ry and B = (B1,B2,P3,P4) €
oM

min(M, V). Suppose

ZI‘c Z dy ()" with d, (1) € K(©).

Let M = {y),.. W"}WIthW WA A ). For 1 < j < mlet
Yg _Y4 _[32+[34

aj =

2
b % -1 [33+l34
J
2
cj: —Y4 —Ba,
T ::y] —Bl,
and
£ _ W(¥9)8,(0)%765(0)%
J

\V(B)GI] (O)Zaj+2bj+ZCj )
For all n > 0, if d, # 0 then
1Gu(dn)| < [{{t1]r, P, - tmlr,Pse12p} : p € SLa(Z)}],

Proof. First of all we write

:h1+...+hm

with i := % From the proof of Lemma 5.8 we see that for all j € {1,...,m},

W([Z"hj(2)) = n

. (W(Wn%(o)?“fes(o)z”’) =—2a;—2b;—3c

W(B)eq (O)Zaj+2bj+2cj
Then by Proposition 6.1 and expression (6.1) we deduce
|G ([Z"11;(2))| < |[{{1;l,p: e1l2p} : p € SLa(2) }]
where r; := —2a; —2b; — 3c; = 'y(lj> — Bi1 following from the definition of a;,b;,c; and
w(1)8,(0)*705(0)*"
] . ‘V(B)e/ (0)211 +2b +2£

and

. Consequently, when d,, # 0 we have W(d,) = n by Lemma 5.8
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and
2t ())’”p: peSLz(Z)H

= |{i
N (eml o temie] ) o)
<|{H{tln Py stmln,prerlp}: p € SL2(Z)}].

By the valence formula (Freitag and Busam, 2005, Th. V1.2.3), one can deduce the fol-
lowing result.

Lemma 6.4. Let ¢ := ¢™* and g be a modular form of weight k with a g-expansion g(g) =
Y vigl.
j=0

Ifvi=0for ;< Léj then g =0.
Theorem 6.5. Let g := ¢™%, t{,...,ty, I1,...,rm and d, be the same as in Lemma 6.3, and
let

C=[{nln Py stmlnprerl2p}  p € SLa(Z)}
For n > 0 suppose d, has a g-expansion

Z Vn.jqj~
=0

Then 14
d, =0if and only if v, ; = 0 for j < L%J

Proof. If d,(7) = Z vn,jq’ = 0, it immediately implies that all v; are zero.
=0
Assume v, ; = 0 for j < L%/J If d, # 0, by Lemma 5.8 we have W(d,) = n and by
Lemma 6.3, |G,(dy,)| < {. Suppose G,(d,) = {s1,...,5,} and ¢, < £. Then for every i €
{1,...,4,}, there exists a unique j € {I,...,{,} such that s;|,S = s;; and there exists a
unique k € {1,...,¢,} such that si\nT =s;. Then

1)1 (1)

e

Moreover, we have proven in Lemma 4.10 of Ye (2017) that H s; is a Taylor series in g.
j=1

Ln
T= HSJ'.

j=1
This yields

p= HSJ for all p € SLy(Z).

74

éyﬂ
Thus ] s; is a modular form of weight n¢,.
j=1
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Since ¢, </ wehave v, ; =0 for j < L”["j By Lemma 6.4, H s; = 0. Because of the fact
j=1

that for any meromorphic functions & and g on H, if (k|,p)(t) = g(t) then A(t) =0 if and
only if g(t) =0, we deduce that s; must be zero forall j € {1,...,¢,}, otherwise s; # O for

all j € {1,...,£,} which contradicts H si =0. As d, € G,(dy) = {s1,.--,5¢,}, we deduce

that d, = 0, which contradicts the earher assumption d, # 0. Therefore d, =0. O

Algorithm 6.6. Let ¢ = ¢™ and f¥(z|t) = ¥ w(a)6%(z|t) € R,. We have the following
oeM
algorithm to prove or disprove f¥(z|t) =0.

Input: f¥ € R;.
Output: True if f¥ = 0; False if f¥ #0.

Compute the quasi-elliptic components of fV¥, denoted by fi,..., fu-
Suppose fi= Y, wy(a)6*
(XGMI'

forj=1,...,ndo

take B random in min(M;,y) and compute the expansion /s <Z)) = i di(1)ZF
k=0

0P (z
suppose M; = {y{1, ... 4"}
fori=1,....mdo
4= vé")fvi")zfﬁﬁm
b — vg")f*/ﬁ")zfﬁﬁm
= %(3 — B4
—Bi
W(r)6,(0)%i63(0)*i
W(B)ell (O)Zai+2b,-+20i
end for
= |{{f1|rlp7--~Jm\rmpaellzp}i p € SLy(Z)}]
fork=0,. Bz+B3+B4dO
if di(t ) (qé“)then
k+—k+1
else return False
end if
end for
end for
return True

ti=

Theorem 6.7. Algorithm 6.6 is correct.

Proof. By Lemma 6.5, di(t) = 0 if and only if di (1) = O(q%+1 ). Since the only difference
between Algorithm 3.9 and Algorithm 6.6 is the way in which we check di(t) =0, it
follows that Algorithm 6.6 is correct. O
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Example 6.8. (DLMEF, 2015, 20.7.1) Prove
6(0)%02(z)* — 03(0)03(2)* +04(0)*64(2)> = 0.

Proof. Let B :=(0,0,0,2) and

_02(0)%62(2)2  03(0)203(2)?
8= 5,007 Bs(0P0u 7

Since g(z) is an even function we obtain

(z) = i dy ()7
k=0

with y . A
o) = 20 =00 040
and
(%) = 8,(0)304(0)8,”(0) —05(0)364(0)85"(0) —6,(0)*64"(0) +05(0)*6,”(0) _

04(0)°
and dy (1) (k > 1) are irrelevant to this proof. According to Algorithm 6.6 we need to
show that dy(t) = O(q) and d,(1) = O(qg'“) where

ol 620)2
ZZH , ’ P, ‘ p,eirl2p: PESLz(Z)H

94 9662

Using Lemmas 5.6 and 5.7, one verifies that £/ = 6 and the corresponding elements are

03 6202 07 030> 07 630)°
17 47 6 27 1 17 47 27 2 17 47_ 6 2761 )
03’ 6562 0; 0562 03" 0563

{1 ej 92912 } {1 93 629/ 2 } {1 9421 929/ 2 }
y T Aa T neno 0 €3 y 7A0 T hGnn 0 €2 sy T Aa0 , €3
03" 6562 01’ 0503 03" 0563

By Definition 1.1 we have dy(1) = O(¢) and d»(1) = O(¢*). O

Speed comparison. The only difference between Algorithms 3.9 and 6.6 is the way of

dealing with the coefficients in the series expansion ): di(t)Z"; namely, to check if certain

di(7) are zero. In Algorithm 6.6 we do this by computlng the orbit
{t1lrp, - tmlr,ps e1|2p - p € SLa(Z)},

which is needed for the orbit length ¢. The ; do not contain any of 9 (k > 1), except for
8). All of 8,,63,04 and 8] have very simple modular transformatlons 4 In contrast, Al-
gorithm 3.9 uses Algorithm 5.11 of Ye (2017) and it directly computes the leading term

4 See Lemmas 5.6 and 5.7.
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orbits of certain di(t), which contains Bﬁk) (k > 1) with sophisticated modular transfor-

mations.> In addition, the coefficients dy(t) become more and more complicated when
the degree of z grows. Thus Algorithm 3.9 needs more time on the orbit computation
than Algorithm 6.6, especially when the identity we want to prove contains a large in-
put. More details can be found in Section 6.3 of Ye (2016).

7. Conclusion

In the literature, not many high degree identities in R; and R, are found. The one
with the highest degree we were able to find in R; is identity (1.3) in Chapter 2, whilst
we have a way of producing all relations in R, which can be found in Chapter 6 of Ye
(2016). Moreover, we are preparing a paper that determines the generators of the ideal
containing all relations in R».

On the other hand, based on this article, algorithmically dealing with other types of
identities becomes possible. For instance, we have algorithms to prove identities like

02030401 (2z,9) —201(2)02(2)03(2)04(z) =0,
an identity from (Whittaker and Watson, 1927, p. 485) and

4
Y 6,(x)8;(3)0;()8;(v) —263(x1)03(y1)03(u1)83(v1) =0,
=

an identity from (Mumford, 1983, p. 17), where x; := %(x—ky +u+v)and y; := %(x—k
y—u—v),u; = 3(x—y+u—v)and v; := J(x—y—u+v). As one of the anonymous ref-
erees pointed out, an interesting discussion of the identity has been given recently by
Koornwinder (2014).
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