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Abstract

Let M be a given positive integer and r = (r5)5a a sequence indexed by the positive divisors
0 of M. In this paper we present an algorithm that takes as input a generating function of the
form 3777 ar(n)q" = [I55, I1h2, (1 —¢°™)" and positive integers m, N and t € {0,...,m—1}.
Given this data we compute a set Py, »(t) which contains ¢ and is uniquely defined by m, r and
t. Next we decide if there exists a sequence (ss)sn indexed by the positive divisors ¢ of N, and
modular functions b1, ..., b, on I'g(N) (where each b; equals the product of finitely many terms
from {¢°/?*T[>°, (1 — ¢°") : 6| N}), such that:

anH(l_qén)55 X H Za(mn+t')q" = c1by & -+ by

5|N n=1 t/ € Pm,r(t) n=0
24t’
D sy VD i O

for some ci1,--- ,cx € Q and o := T6 + Zt’er () Té. Our algorithm builds
on work by Rademacher [9], Newman [7], and Kolberg [5].
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Introduction and Basic Notions

Let p(n) denote the number of partitions of n. Ramanujan [12] discovered that for all
neN={0,1,2,...}:

p(bn+4)=0 (mod 5), (1)
p(Tn+5)=0 (mod 7), (2)
p(1ln+6)=0 (mod 11). (3)
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Congruence (1) follows from Ramanujan’s “most beautiful” identity (cf. Hardy [14, xxi-
xxxvi]) eq. (17) in [11]:

> 0 _ .5n\5
mz::op(Bm +4)¢" =5 nl;[l %C;n))e (4)

Congruence (2) follows from another identity of Ramanujan, eq. (18) in [11]:

> m R (1 _ q7n)3 R (1 _ q7n)7
mz::Op(ﬁn—l—S)q —77};[17(17(]”)4 —&—49(171;[17(17(1”)8 . (5)

Our algorithm finds such identities automatically. To the best of our knowledge, so far
there exists no identity similar to (4) and (5) from which (3) follows. But our algorithm
enables an automatic derivation of such an identity; see Section 4.

For N € N* = {1,2,...}, we define R(N) to be the set of integer tuples (rs)sy indexed
by the positive divisors § of N.

For r = (r5)5n € R(N) we define

w(r) = Zr(;, Ooo(T) = Zér& oo(r) == Z %7"57
sIN sIN SIN

and

II(r) := H olrsl,

SIN
We define for i, j, k,l € N,
w(r) =1,
(T = mod 24),
R(N,i,j k1) = dre R(N): * ) =7 )
oo(r) =k (mod 24),
[T(r) e N

and
R*(N) := R(N,0,0,0,1).
As usual, we denote by 7(7) the Dedekind eta function for which

n(r) =gn [[0—-q"), (¢=e). (6)
n=1
Define a set of eta quotients by
E(N) := {qi%m TTTI ™) : (rs)sin € R*(N)}.
S6|N n=1

Note that
E(N) = {T]n(67) : (rs)aiw € R (V).
5IN
Denote by (E(N))g the vector space over Q generated by the elements of E(N). Note
that the constant functions are elements of this space i.e.; 1 € (E(N))q. For r € R(N)



we define the sequence (a,(n)),>o of integers by:

doamg =T [[a-¢""
n=0

§|N n=1

We call (A, B) a Ramanujan identity, if there exist M, N € N*, r = (r5)5;p € R(M),
5= (s5)s5)n € R(N), integers m >t > 0 with 24t + 0o () = 0 (mod m) such that:

oo (s) | 24t+aes (1) o s o "
e A=q = + = 5am H6|N Hn:1(1 _th ) s anoar(mn—kt)q ;
e B e (E(N))g;
e A=D.

With this notation it is easily seen that after multiplying (4) by ¢ [[—,(1—¢°") on both
sides, we obtain a Ramanujan identity. Similarly, multiplying (5) by ¢ [[,2, (1 —¢"") we
obtain a Ramanujan identity. We will present in Section 4 a Ramanujan identity (A, B)

with
lln)ll e

- 1—g")"0—¢*)*1—q
14 n

H (1— q22n>22 Zp(lln +6)gq

n=0

where s = (10,2, 11, —22) € R(22) and r = (—1) € R(1).

Kolberg [5] proved that

<Zp(5m + 1)qm) (Z p(bm + 2)qm)
T = (1 qE’ZZ)ZO rp (L—a")" v
—9 +25 ,
IES R,

and

(ip@m)qm) (i p(5m + 3)(1’”)

m=0 m=0 5n) . (8)
—3H +25 H

We call (A, B) a Ramanujan-Kolberg identity, if there exist M, N € N*, r = (rs)s;m €
R(M), s = (ss)s;ny € R(N) and integers m >t > 0 such that
e A has the form:

A= qa(m7t,r,s) H H(l o q5n)85 H Z ar(mn + 75)qn7 (9)
§|N n=1 t'ePp, »(t) n=0

where, with the definition of the set P, () as in (32),

Ooo(8) N Z 24t" + 000 (1)

t =
Oé(m7 7r’ S) 24 24m b

t'€ Py ()

e Be (B(N)g;
e A=DB.

One may easily verify that (7) and (8) can be viewed as Ramanujan-Kolberg identities. As
we will see from definition (32), a Ramanujan identity is a special case of a Ramanujan-
Kolberg identity.



In this paper we present an algorithm that takes as input M, N € N*, r € R(M) and
integers m >t > 0. If there exist s € R(N) and B € (E(N))q such that A = B where A,
defined as in (9), is a modular function for I'y(/V) (see Definition 1), then the algorithm
output will be (s, B). If no such (s, B) exists, then the algorithm will stop and return no
output.

The organization of this article is as follows: In Section 1 we present the general
notions needed in the paper. In Section 2 we describe an algorithm that computes a
module basis for the ring generated by some given modular functions having only poles
at infinity. In Section 3 we present our main theorem and the algorithm that solves the
problem described above. Furthermore, at the end of Section 3 we give a counterexample
to a conjecture by Morris Newman related to eta quotients. In Section 4 we give examples
of infinite product identities that can be found and proved with the algorithm in this
paper. In Section 5 we describe an algorithm, obtained as a by-product, that computes
all relations among given eta quotients my,...,ms € E(N).

1. Further Preliminaries and Definitions

We need the groups

ab
SLo(Z) := |a,b,c,d € Z,ad —bc=1
cd
1h
SLo(Z) oo := |heZy,,
01
and for N € N*,
ab
F(](N) = S SLQ(Z) | N|C )
cd
in addition, we define the subset
ab
To(N)* = €Ty(N)la > 0,¢ > 0,gcd(a,6) =1

Note that SLo(Z)* = To(1)*.
Let H := {r € C : Im(7) > 0}. We need two standard group actions of SLy(Z): for

ab

v = € SLy(Z) and 7 € H we define y7 := g:_tg, for f : H — C we define
cd

fly :H — C by (fly)() :== f(y7).

Definition 1. A modular function for the group I'o(N) is a function f : H — C with
the properties:

(i) f is holomorphic on Hj

(i) fly = f for all 7 € To(N);




ab
(iii) for all v = € SLy(Z) there exists an expansion

o

(M) = 37 aym)eminmeed NN, 7 e | (10)
where a(ny) # 0. We define ordf/v(f) =mn,. If ordi]\é(f) < 0, then one says f has a pole
of order — ordf\é( f) at infinity.

We will write (10) in the form

e 2
(fIMF) =Y ay(n)greet NN
where ¢ := ?™7
qgcd(cz,N)/N

, and we refer to this unique Laurent expansion of (f|y)(7) in powers of
as the g-expansion of f|y.
The next fact is not difficult to prove.

Lemma 2. For vy, v2 € SLy(Z) such that 41 € Tg(N)¥2SLa(Z)s and f a modular
function for To(N):

ordfyvl(f) = ord,]y\g(f).
Definition 3. We denote the set of all modular functions for T'g(N) by K(N). By

K> (N) we denote the set of modular functions having a (multiple) pole, if any, at
infinity only; this is the set of all f € K (V) such that

ord) (f) > 0 for all y € SLy(Z) \ To(N). (11)

Remark 4. Note that to prove that f: H — Cis in K(V), it suffices to prove (i)- (i) of
Definition 1 and the existence of a x, € N* such that

2mwinT

([ = D by(m)e ™, (12)

n:m,y

b
forally = ! € SLy(Z). This implies (44i): first, observe that (f|y)(7+N/ ged(c?, N)) =

cd
(flv)(7) (which is a consequence of (ii)); this, together with (i) implies that (f|y)(7) has
rc 02,
a Laurent expansion in powers of qg S ol Finally, by (12) and uniqueness of Laurent

expansion, this Laurent expansion has a finite principal part (as required by (iii)). As
we will see later in the proof of our main theorem it is more convenient for us to prove
that (f|7)(r) is a Laurent series in powers of ¢'/*» with finite principal part (for some

ged(c2,N) |
with

K~), rather than to prove that (f|y)(7) is a Laurent series in powers of ¢
finite principal part.

Lemma 5. Let f € K(N) such that ordfyv(f) > 0 for ally € SLo(Z). Then f is constant.



Proof. Let v1,...,7v, (with 71 the identity) be a complete set of representatives of the

* *
right cosets of T'o(N) in SLa(Z). Let ¢; be defined by ~; = . Define a;(n) by
C; *

Foim) =Y ai(n)g™™,
where t; :== N/ ged(c?, N). Since ordiv(f) > 0 (by assumption) it follows that n; > 0.
Set g(7) := f(1) — a1(0).

Then F(7) := [[;_, g(77) satisfies F(y7) = F(r) for all v € SLy(Z). Furthermore,
F(r) =37 a(n)q™, because of ordfx (g) > 0 by construction. Hence F' € K(1). By [15,
Ch. VII, Th. 3] it follows that if F' # 0 then ordi]\é(F) < 0. This gives a contradiction to
ordf\é(F) > 0. Therefore F' = 0, and consequently g(v;7) = 0 for ¢ from 1 to n. Hence

9(r) = f(r) —a:(0) =0. O

Corollary 6. Let f € K*(N) such that ord%(f) >0, then f is constant.

2.  An Algorithm for Describing (E(IN))g N K (N) as a Finitely Generated
Q[t]-Module

2.1.  Algorithms for Finding Bases

The functions in K(N), resp. K°°(N), form a commutative ring with 1. Since these
rings contain all constant functions, they are also vector spaces over C. In this section
we describe an algorithm that computes a module basis for the ring generated by some
given modular functions having only poles at infinity.

Definition 7. For f € K(N) we define the pole order at infinity as pord(f) := — ordi]\é(f).
Definition 8. We call the sequence z1, ..., 2. € K*®(N) “reduced” iff
0 < pord(z) < --- < pord(z).

Definition 9. We call the sequence z1,...,2, € K*(N) reduced with respect to a
nonzero t € K°°(N)” (in short: “t-reduced”) iff it is reduced and for all ¢, € {1,...,7},
EE
pord(z;) # pord(z;) (mod pord(t))
and
pord(z;) #0 (mod pord(t)).

Definition 10. Let R be a ring (with 1) and S a subring of R. For mq,...,m, € R we
define an S-module by

(my,...,mp)s:={so+s1mi+ -+ 8my: S9,81,...8 €S}

Definition 11. For f € K*(N) let .2 a(n)q", a(m) # 0, be the g-expansion of f.
We define le(f) := a(m).

Let ¢ € C. For f:H — C with f(7) = ¢ for all 7 € H we write f = c.



Lemma 12. Suppose the sequence zi,...,z, € K®(N) is reduced with respect to t €
K*(N). Then M := (z1,...,2)c[y s a free C[t]-module with basis 1,z1,...,z.. Fur-
thermore, for zg := 1 and 0 # u € M with uw = Y.,_,pi(t)z;, pi(t) € C[t], we have
that

pord(u) = pord(z;) + deg(p;) pord(t)
for some i € {0,...,r}.

Proof. Let I :={i: p; # 0}. Note that for ¢ € I: pord(p;(t)z;) = pord(z;)+deg(p;) pord(t).
Since pord(z;) # pord(z;) (mod pord(t)), for all ¢,j € {0,...,r} with ¢ # j, it follows
that pord(p;(t)z;) # pord(p,(t)z;) for all 4, j € I with ¢ # j. This implies that

pord(u) = max pord(p;(t)z;).
1€

Now we prove that M is free with (1,z1,...,2,) as a module basis. This is equivalent
to showing that the polynomials pg(t),p1(¢),...,p-(t) for u are unique. Assume that
w=1_oq(t)z;i. Then 0 = Y7 h;(t)z; with h;(t) = p;(t) — ¢;(t). If there exists an ¢
such that h;(t) # 0, then by similar arguments as above,

pord(z hi(t)z;) > 0,
i=0

which is a contradiction to Y ;_ hi(t)z; = 0. O

Algorithm MC (Membership Check)
Input: u,t € K*°(N) and a t-reduced sequence z1, ...,z € K>(N).
Output: “True” if u € (21,..., 2, ) and “False” otherwise.
(1) z0:=1;
(2) while there exists ¢ € {0,...,7} such that pord(u) = pord(z;) (mod pord(t)) do

.. pord(u)—pord(z;) .
(a) J = ""—fodm

() 370 then = i 5L

Note 1. We used in Algorithm MC that by Lemma 12 0 # u € (21,..., 2 )q[y only if
pord(u) = pord(z;) (mod pord(t)) for some i € {0,...,r}.

It is straightforward to refine the Algorithm MC.

Algorithm MW (Membership Witness)

Input: u,t € K*°(N) and a t-reduced sequence z1,.. .,z € K®(N).

Output: If Algorithm MC returns True, (po,...,p,) € Q[t]" ™! such that u = Y. pi(t)z;.
Remark 13. If we choose t to be nonzero constant, then Q[t] = Q and the Q[t]-module
turns into a Q-vector space (z1,. .., z)o(= (1, 21,...,2r)qQ)-

More generally, we have the

Algorithm VB (Vector Space Basis)

Input: {mq,...,ms} C K(N)

Output: A reduced sequence z1, ..., z. € K°°(N) which is a vector space basis such that
in the sense of Definition 10,

(ma,....mg)g = (21,--.,2r)Q-



To obtain the desired output we carry out the same Gaussian elimination algorithm as
used for triangularization of a matrix M. In our setting, row j of the matrix M consists
of the coefficients of the principal part of the g-series of m;. The row 4 of the resulting
triangular matrix Z consists of the coefficients of the principal part of z;. If S is the

invertible matrix coding the elimination steps; i.e., S - M = Z, then S(my,...,ms)T =
(Zryooes 21, ClyevosCor )T
————

s—r constants in C

Example 14. We apply the Algorithm VB to:
(mi,ma,ma) = (> +q7 ' +2+0(q),¢ > +q> +3+0(q),q > —q~ " +8+0(q)).
Then

101 1 00
M:=1]1110 and by G. elim. algorithm S:=| -1 1 0 |;
01 -1 1 —-11
so that
101
S-M=101-1
00 0
and
m ¢ +q ' +2+0(qg) 22
Slme | = a?-q'+1+0() [= | =
ms 7 7

Lemma 15. Suppose that the sequence z1,. ..,z € K°°(N) is the output of Algorithm
VB on input {m1,...,ms} C K>®(N). Then foric {1,...,r}:

pord(z1) < pord(z;).

We use this minimality of pord(z;) in the Algorithm MB. More generally, we need a
module basis:

Algorithm MB (Module Basis)
Input: {mq,...,ms} C K*°(N).
Output: t € K*°(N) non-constant, and a t-reduced sequence z1,...,z, € K°°(N) such
that
<m1, e ,mS>Q[t] == <21, ey Zr>@[t]-
(1) Let L:={} and M :={mq,...,ms};
(2) while M # L do
(a) apply Algorithm VB to M and let zq,..., 2. be the output;
(b) L:={z1,...,2.}, M :=L;
(¢) t:= z1; (in view of Lemma 15)
(d) fori,j €{1,...,r} with j > i do
if pord(z;) = pord(z;) (mod pord(t)), then



(A) 0= 2, — e th, o P o)
(B) M :=L—{z};
(C) if v #0, then M := LU {v};
(D) break the for loop;
(3) return za,...,2, and t.

Algorithm AB (Algebra Basis)
Input: {mq,...,ms} C K(N)
Output: t € K*°(N) and a t-reduced sequence z, ..., z, such that

@[mla“"ms] = <Zlv"'7z7'>Q[t]'

(1) let L:={} and M :={mq,...,m,};
(2) while L # M do
(a) apply Algorithm MB to M and let ¢t and z1, ..., 2, be the output
(b) L:={z1, - ,2}, M := L;
(c) fori,je{l,...,r} do
if ziz; & (21, .., 2 )qp, then
(A) M:=LU {t,ZZ‘Zj};
(B) break the for loop;
(3) return L and t.

For an example of this algorithm see subsection 3.3.
Theorem 16. The Algorithms MB and AB terminate.

Proof. We prove termination of Algorithm MB. Because of pord(t) > 0, after a finite
number of steps we reach a minimal k& > 0 such that pord(t) = k. We define

vs(L, k) := min{pord(f) : f € L,pord(f) =s (mod k)}.

The only thing that prevents the algorithm from terminating is that M # L. However,
if this is the case, then for some s € {1,...,k — 1}, vs(L, k) has decreased. Because of
Corollary 6 we have vs(L, k) > 0. This implies that after a finite numbers of steps for each
given s, vs(L, k) will no longer change which implies that M = L and hence Algorithm
MB will terminate. The proof that Algorithm AB terminates is analogous. O

2.2.  Applying the Basis Algorithms to Eta Products

: n(n) )
Lemma 17. For all 6 € N* with 6|N, ( o) ) € K(N).

Proof. By [15, Ch. VII, Th. 6] we have

24(L+b

) = ) (13)

ab a b
for all € SLy(Z). Let € T'y(N). Then

cd cN d
oafc T +b N\ o ra(dT)+6bN cN 12 o4
(o) = (7%(&)”) = (55(67) + d) 2n(om)2". (14)



This implies that

24
at+b
n(écht-d) n(61)*
( ar+b )24 77(7)24 .
n cNT+d
n(d7)

24
Noting that the 7 function has no zeros or poles in H implies that ( ) ) is analytic

on H. This proves property (i) of Definition 1.
In order to prove property (i) of Definition 1 we need to show that for v € SLy(Z)

24
there exists £k € N* such that the function ( 27(?,77_7))) can be expressed as a Laurent

series in powers of ¢'/* with finite principal part. We may write 6y7 = A7 where A
is an integer matrix with determinant §. Furthermore, one may write A = +'T where
v € SLy(Z) and T is a triangular matrix. Then

(n(éw))24 _ (n(AT)>24 _ (n(v’TT)f‘* _ (n(TT))24

n(y7) n(y7) n(y7) 1(7)
because of (13)
) U v
for some ¢ € C. Because of the triangular shape of T, T' = say, then n(T'7) can be
0w
expressed as a Laurent series (with finite principal part) in powers of qﬁw; consequently
n(rr)\*
So can c(—) .
n(7)

Lemma 17 is a special case of a much more general result of Gordon, Hughes, and
Newman [8, Thm. 1.64].

Lemma 18. Let a,b € N with a,b > 2 and a # b. Let A := (MTT)

24(a—1)
("(bT)) . Then we have
n(7)

ged(pord(A — B),pord(A)) = 1.
Proof. We have

an

< 1y 24(b—1)
— 4(a=1)(b-1) —
A=a 11 < 1—qn )
n=1

= g DO=1(1 4 24(b — 1)g + O(¢?))

and, by symmetry,
B =q VD1 4+ 24(a — 1)g + O(¢?)).
In particular,
A~ B =q¢ DD 24(b - a)g + O(¢?)).
This implies pord(A — B) = —(a —1)(b—1) — 1 and pord(4) = —(a—1)(b—1). O

Definition 19. For N € N* we consider the multiplicative monoid of eta quotients
contained in K°°(N) and denoted by

E®(N) := B(N) N K*(N).

10



Lemma 20. For each N € N* there exists p € E*°(N) such that ordiv(,u) > 0 for all
7 € SLa(Z) \ To(N).

Proof. The case N square free has been proven by Newman [6]. In case N is not square
free let M be the largest square free integer dividing N, and let p* € E°° (M) be such that
ordfy(,u*) > 0 for all v € SL2(Z) \ T'o(M). Then one can verify that u(r) := p*(N7/M)
satisfies the desired property. O

Corollary 21. Let N be a positive integer which is not a prime. Then there exist F, G €
(E>(N))qg such that

ged(pord(F), pord(G)) = 1.
Proof. By Lemma 20 there exists a function p € E°°(N) such that
ord’ (1) > 0 for all y € SLy(Z) \ To(N). (15)

Since N is not a prime there exists a,b dividing N with a,b > 2 and a # b. Then by

24(b—1) b\ 24(a—1)
Lemma 17 the functions A := (”n((a:)) and B := (717((:))) are in K(N), and
by Lemma 18 they satisfy ged(pord(A — B),pord(A)) = 1. Furthermore, because of (15)

one can choose k € N* sufficiently big such that

A,u—kpord(A)7B’u—kpord(A) c Eoo(N)

Setting F := Ap~*rord(4) _ gy—kpord(4) implies ged(pord(F), pord(A)) = 1. Applying
the same reasoning again we see that there exists a j € N* such that A/ Pord(F) ¢
E>(N). Defining G := Ap’ P°4F) we have ged(pord(F), pord(G)) =1. O

ab A B
Lemma 22. For N € N* and every v = € SLy(Z) there exists yn = S
cd Nz y
* %
To(N) such that ynvy = , where 6 := ged(N, ¢).
*

A B
Proof. We need to find z,y € Z and A, B € Z such that € I'o(N) and
Nz y

A B ab * %
Nz y cd o *
This means that we need to solve the equation
aNx + cy = 0.

This equation always has a solution (zg, o) because ged(aN, ¢) = §. The general solution
is of the form

(z,y) = (z0,y0) + (ke/d, —kNa/d).

11



One can prove that k can be chosen appropriately such that ged(Nz,y) = 1. When
this condition is satisfied there exist A, B € Z such that Ay — BNz = 1, implying that

A B
Nz y

Ero(N). O

As as a consequence of Lemma 22, given f € K(N), to know ordjvv(f), v € SLy(Z),

a
we can restrict to consider v = where ¢|N. It is easy to see that w.l.o.g. we can
cd

additionally assume that a and ¢ are positive integers. If f € E(N) there is a well-known
formula, usually named after Ligozat; see e.g. [8, Th. 1.64].

Theorem 23. Let f € E(N) with f = [[55n(67)" where (rs)sin € R*(N). Let v =

€ SLo(Z) with ¢ > 0 and c¢|N. Then
cd

and for all positive ¢|N, ¢ # 1:

2(s, N/c)
24gcch/c ZN ZO}’

Proof. Tt is easy too see that any f € E(N) can be written in the requested form.
Because of E(N) C K(N) ([8, Th. 1.64]) we only need to check the non-negativity of the

ab
orders ordiv(f) for all 4 € SLy(Z)\I'g(IV); this means, for all v = with ¢ > 0,
cd

¢|N and ¢ # N. But this is implied by Theorem 23 taking ¢/N instead of ¢. The proof is
completed by noting that then then the condition ¢ # N turns into ¢ # 1. O

Lemma 25. The set E>°(N) is a finitely generated monoid.
Proof. Let 61,...,0d, be the divisors of N greater than 1. Define
AN = (a(Z,])) 1<i<n ,
1<j<n
where

5; ged®(6;, N/&i) = 4,
24 ged(d;, N/o;) 3

a(i’j) =

12



Then Lemma 24 may be expressed as:

e=) = {]] (”(57))” :7 = (rs) € R*(N), AN (7, »75,)" 2 0},

s N (T)
Since Newman [6] proved that Ay is invertible we may write:

(7 Z?:l T3 T8y - 7T5n,) S R*(N) s.t.

E=(N) = H(W) ’ : I(z1,...,7,) € N with : (16)

Jj=1 _
(rsyy---y7ms,) T = ANl(ajl, ooy an) T

Given such a matrix Ay, we can choose r; € N* big enough (to make /@Z-Ax,l an integer
matrix and, if needed, to have them as multiples of 24)
(r((;?, . ,r((;i))T = niAR,le,;, we have

n
P = (—Zr((sz),ré?, . ,r((;n)) € R*(N).
i=1

where e; is the i-th column in the n x n identity matrix. Consequently, owing to (16),
@)

F; ::jﬁl <77n(‘(2;>>r5j € E®(N).

From (16) we see that we have a one to one correspondence between the monoid
consisting of (z1,...,x,) satisfying the conditions in (16) and the monoid consisting of
the elements of E°°(N). Hence we need to find the generating set of the monoid

3(_ E?:l T(S'H’r(;l""’r‘;n) € R*(N) }
e

Sy = {(xl,...,acn)eN”: )
st (r5y,.-,1s,)T = AN (z1,. .., T0)

Note that (k;e;)T € Sy, and if a,b € Sy and a — b > 0, then a — b € Sy. This implies
that if for a € Sn there exists ¢; € Z such that b := a—zij\il ci(kie))T >0, then b € Sy.
This implies that any a = (aq,...,a,) can be reduced to a b = (by,...,b,) where b; < k;.
Hence a finite generating set for Sy is given by

3(_2?:17'5“7"51,...,?”5n) € R*(N)
(r1,...,2,) €N": g, sy, re,)t = A;}l(m,...,mn)T U{kier,...,knen}.

and r; < k; forall1 <i<n

O
Remark 26. We observe that in the above proof we also obtain an explicit algorithm

on how to produce the generating set in question. There are more general algorithms to
solve this problem, e.g. see [4] or methods from discrete geometry [2].
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Ezample 27. Let p > 5 be a prime. The matrix A,z in Lemma 25 above is given by

p—]_ 1 0

A =
24\ —p -+ 1)
(Note that p? — 1 is divisible by 24.) Then
2 [pe1o
p? p2—1

and we can choose k| = kg = %. This implies that nlA;2161 =(p+1,—p), KQA;21€2 =
(0,—1) and () = (=1,p + 1, —p) resp. ® = (1,0, —1) are in R*(p?). Next we need to

find all (z1,22) € N? with 0 < 21,20 < Kk = pZZl such that

At =: (17)
satisfies (—r, — rp2, 7y, 7p2) € R*(p?). The relation (17) implies

(p* = 1) | 24(p + 1)z1, and (18)
(P> — 1) | 24(px1 + o). (19)

From (18) we obtain that xz; = kﬁ—ll,%) for some integer 0 < k < w.

(Note that this upper bound for k is an integer.) Substituting into (19) we obtain xs =
tﬁi%) for some integer 0 < t < W. Substituting this form of x5 into
(19) we obtain that

(p+1)ged(p —1,24)

24 )
In case = 1 we have no solutions to (18)-(19). In case w > 1

we have the choices (k,t) = j(1,1) for 0 < j < W' This corresponds to the
solutions

t=k (mod

(p+1) ged(p—1,24)
24

. p—1
= (1,1
(71, 22) ]gcd(p—1,24)( 1)
for which
24
_ x1 . scd(p—1.24)
A =j | =TT
T2 T ged(p—1,24)
We observe that
24
—_— (0,1, -1 R*(p?

iff p#£1 (mod 24). Hence, in case p Z 1 (mod 24) we have that

p—1 p—1
S
(gcd(p— 1,24) ged(p — 1,24)) € op

14



If p=1 (mod 24) we deduce that

p—1 p—1
2 S,
(gcd(pf 1,24)" ged(p — 1,24)) € °p?

Summarizing, a set of generators for the additive monoid Sp2 is given by

{key, kea}
if W = 1; that is in case p = 5,11. In this case the multiplicative monoid
E>(p?) is generated by

) () )
n(r)nP (p*)" n(p*)
In case p Z 1 (mod 24) and W > 1 a set of generators for S, is given by

p—1
— — __(1,1)}.
{Hew@ez,gcd(p_l’ﬂ)( 1)}

In this case E*(p?) is generated by

Pt (pr)  n(r)  ( npT) \ Fae-Ten
G aeey ) -

] . - +1) ged(p—1,24
Finally, in case p = 1 (mod 24) and %

given by

> 1 a set of generators for S, is

2(p—1)

ged(p — 1,24) (LD}

{key, kea,

In this case E>(p?) is generated by

Pt pr) () (n(m))m}
n(T)nP (p*7) " n(p?)" \n(p?r) '
O

Our goal is to find a basis of the Q[t]-module E := (E°°(N))g, because the set E
viewed as a Q-module does not have a finite basis. For this reason we view it as a Q[t]-
module for some ¢ € E, then the Q[t]-module E indeed has a finite basis. We construct
this finite basis in the following way. First we find a finite set of generators x1, ..., x, of
the monoid E*°(N) (this is guaranteed by Lemma 25). Then E = Q[zq,...,x,]. Next
applying the Algorithm AB we obtain finitely many generators of E viewed as a Q[t]-
module for some ¢t € E produced by the algorithm. E can now be finitely described and,
most important we are now able to check membership in E by using the Algorithm MC.
More precisely we may check if a given element f € K°°(N) may be expressed as a sum
of eta quotients from E°°(N). Our next goal is to decide whether f € K°°(N) belongs
to (E(N))g N K*®°(N); ie., if f € K(N) may be expressed as a sum of eta quotients
from E(N).

We do not know if in general

(E(N))o NK=(N) = (E*(N))q?

However we will show the following lemma:

15



Lemma 28. Given p(7) € E°(N) as in Lemma 20. Then there exists a positive integer
k such that
uH(T) ((E(N))o N E>(N)) € (E*(N))q-

Furthermore, k is computable in finitely many steps.
Before we prove Lemma 28 we need the following lemma:

Lemma 29. Assume that

(21,5 2zr)qi = (E%(N))o

where the sequence z1, . .., zy is reduced with respect tot € (E*°(N))q. Let p € E>(N) be
as in Lemma 20. Let v := pord(u) — 1. Then there exist x1,...,x, € (E*(N))q reduced
with respect to v such that

<x17"'7$1’>(@[#«] = <Z17"'az7‘>(@[t] (20)

and forie {1,...,v}
pord(z;) =i (mod v+ 1). (21)

Proof. Set zy := 1. Because of Corollary 21 we observe that for each 0 < i < v there
exists unique (a,b) € {0,...,r} x N such that pord(z,t’) is minimal with the property
pord(z,t*) = i (mod v + 1). We define x; := z,t°. Set xy := 1. Then for every a €
{0,...,7} and b € N, there exists i € {0,...,v} and j € N such that pord(z,t’) =
pord(z;p’). By construction z; € (z1,.. . zr)qpy for all 7 € {1,...,v} and since u €
E>(N) C (z1,...,2r)qq it follows that

<:L'1, . ,CE,,)Q[#] (- <21, R ZT>@[t] = <E°°(N)>Q

To prove the other direction let

fe <2’1,...,ZT>@[,5], f€<$1,...,xV>Q[M

with pord(f) minimal. Then there exists z,t* and ¢ € Q such that pord(f) > pord(f —
cz4t®). In particular there exists x;1/ such that pord(z,t’) = pord(z;u’). This implies
that for some ¢’ € Q we have pord(f) > pord(f—c'x;u’). This contradicts the minimality
of pord(f). O

Proof of Lemma 28: Let my,...,ms be some generators of the monoid E*<(N).
We input these generators to the algorithm “Algebra Basis”. Let ¢, z1,...,2, be the
output of the algorithm. Let p € E°°(N) be as in Lemma 20. By Lemma 29 there exist
Z1,...,%, € (E%(N))g such that (20) and (21).

Assume that f € ((E(N))g N K (N))\(Ex(N))g. Then for some minimal positive
integer k we have fu* € (E*(N))q.

Then there exists a; € (z1,...,2,)g for i =0,1,...,d such that

fuF = agp® + ag_ p® =+ + aopd
In particular since k& > 1 by assumption we have fu*~1! € K°°(N). Furthermore,

it =agptt +agoip? + - aop

16



implies that agu~! € K°°(N). Note that ag # 0 because otherwise k is not minimal.
There exists x; such that

pord(z;) = pord(agu™*) (mod v + 1).

We define
($§1)7 . 7m§1), ey = (2, aopTh ). (22)
Then there exists agl) € (xgl), . ,xl(,l)>Q for i =0,1,...,d; such that
fukq _ afill)ﬂdl + agll)_ludlfl IS aél),uo.

If k—1 > 1 we divide p out and we find that a(()l),u*1 € K*(N). Set j; := pord(a(()l)pfl),

then
(2) @)

(z3 seees T a:(Q)) = (xgl),...,aél)u_l ...,xl(,l)).

(2

Now fuF=2 = az)u”b + a(()z)uo for some a;”’ € <x(12)7 e ,a:(f))Q. Continuing this

procedure we obtain at the j-th step (with j < k)
fukfj _ a((jJJ'_)udj + a((jjj‘_)_ludjq IS aéj),uo
(

where aij) € <;1:§j), . ,x,(,j)>Q. We must have a(()j) # 0 because in case not then

dj +a£ljj)_lﬂdjil+"’+a(1])ﬂo)

fiE = pla
and by multiplying both sides by p/~! we obtain

fu = (W a@) i + (Wag) Jph T 4+ (e

J

and ujagj) € (x1,...,2y)q[u because of p/
contradicting the minimality of k.

Note that if the old basis azgj), . ,:c,(,j) satisfies

(pord(z{”),... . pord(z{)) = (as,...,a),

G gt

@) ¢ (T1, ... @) g Hence fuf~t € (E*(N))g

%

then for some u € {1,...,v}, the new basis satisfies

(pord(x(lj+1)), ., pord(zUTV)) = (ay, ..., ay — pord(p),. .., a).

Defining ¢; by the relation pord(xz;) = ¢; pord(u) + r;, with r; < pord(u), it follows
that after at most Z;’Zl g; steps this procedure must stop because for all 7,5 € N:
xgj) € K°°(N). This implies that pord(xg-i)) > 0 because of Corollary 6. This proves that
k< Z;:l gj. O

3. The Main Theorem and the Algorithm

In this section we present our main theorem and the algorithm that solves the problem
described in the abstract. Furthermore, at the end of this section we give a counterex-
ample to a conjecture by Morris Newman related to eta products.

Definition 30. For ¢ € Z and n an odd integer we denote by (%) the Legendre-Jacobi
symbol.

17



Lemma 31. Let n > 0 be an odd integer, then the following relation holds for integers
a and b: . .
a a
() =(=). 2
)= (%) 23

For v € SLo(Z)* the following formula was proven by Newman:

Proof. See [13], page 71. O

n(yr) = (=i(er +d))* e(a, b,c, dn(r) (24)
where
e(aqb7 c, d) = (2) e~ 45 (C—b—3)' (25)
Lemma 32 (Newman). Let N € N*, and f : HH — C be a function such that for all
ab ab
v = € To(N)* we have f(y7) = f(7). Then for all v = € Ty(N) we
cd cd

have f(y1) = f(71).
Definition 33. For m, M € N*, t € {0,...,m — 1} and r = (r5) € R(M) we define:

feny =TI - =" an)", (26)
5| M n=0 n=0
and -
24t 4000 (1) "
Gm (T, 1) =g~ 2Am Z ar(mn +t)q". (27)
n=0

We will sometimes write g, .(7) instead of g, (7, 7).

Definition 34. We denote by A the set of all (m, M, N, (r5)) € (N*)3 x R(M) such that
for every prime p:

p|m implies p| N, (28)
and such that for every §|M with rs # 0,

0| M implies §|mN.

Definition 35. We denote by A* the set of all (m, M, N, t,r = (rs)) with (m, M, N, (rs)) €
A and t € {0,...,m — 1} such that for x := ged(1 —m?,24), kK > 1:

N2
mmM oo(r) =24 0;
kNw(r) =g 0;
24m

aed(n(20 — o)) 2am) |V

and
if 2/m, then (kN =4 0 and 8|Ns) or (2|s and 8| N(1 —j)),
where j,s € Z, j odd, are such that H6|M slrsl = 255,

18



Definition 36. Let m,M € N* and r = (r5) € R(M). Define the operation ©, :

ab
To(N)* x{0,...,m —1} — {0,....,m — 1}, (v,t) — v ®, t, where for v = the
cd
image vy ®, t is uniquely defined by the relation
9 a? -1
v Ot =ta® + 51 Ooo(r) (mod m). (29)
ab
Theorem 37 ([10], Th. 2.14). Let (m, M, N,t,r = (r5)) € A*, v = € To(N)*
cd
and define
B=B(,r) = H med\ ! — Zia (me 5 (r) —mbo o (1) —3w(r)) 30
= B(v,r) = Y e , (30)
5| M
ab
then the following formula holds for all v = € Ty(N)*:
cd
. wlr) oo sab(l=m?)(2dttoss(r)
gt (1) = B (—i(er +d)) 2 € 2 “ Gy, t(T)- (31)

ab
Definition 38. Let v = € SLy(Z), m, M € N* and r = (r5) € R(M), then we
cd

define

1 Z . ged?(8(a + kXe), me)
5

p(y,r) = min  — 5

Ae{0,..,m—1} 24

5[M
and for N € N*, s = (s5)5n € R(N):

. 1 Ss gcd2(5, ¢)
5IN
By [10, Lem. 3.4 and Lem. 3.5]:

Theorem 39. Let (m,M,N,r = (r5)) € A, t € {0,...,m — 1}, s = (s5)5;n € R(N),
Yo € SLa(Z), O a subset of {0,...,m — 1}, (ny) a sequence of nonnegative integers
indexed by the elements t' of O. Let v € To(N)y0SLa(Z) s and g : H — C defined by

g(7) :=(er + )" 3 Lucomw)Hu)

\q (Zt’eo nt')p(w’r)ﬂo (r0:2) H gZzt,,t/ (y7,1) H n° (6y7),
ze) 5N

for all T € H. Then g(7) has a Fourier expansion in (nonnegative) powers of e™7/* for
some k € N*.

Definition 40. Let n be a positive integer. For 2 € Z we denote by [z], the residue
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class of £ modulo n. We define

Z = {[x], € Zy, | ged(x,n) =1},

n

and
S, = {y2 | Y€ Z;kb}

Definition 41. For m € N*, r = (r5) € R(N) and ¢t € {0,...,m — 1} we define the map
O Soam X {0,...,m—1} = {0,...,m — 1} where [s]24,, ®,t is uniquely determined by
the relation

— s p—
[5}24m®rt =m ts + 7000(7’).
Definition 42. For m,M € N*, r € R(M) and t € {0,...,m — 1} we define
P (t) :={yOp t|y € To(N)*}, (32)
and L
X (t) — H e%ﬁW. (33)

t'€Ppy (1)

b
Lemma 43 ([10], Lem. 3.11). Given m, M, N € N*, ~ = ¢ € SLa(Z), r = (rs) €
cd

R(M) and t € {0,...,m — 1} such that (28) holds. Then:
(Z) Y Or t= [a2}24m6rt;
(i) For [s]aam € Sz4m we have Py, () = {[s]aam©Ort'|[t" € Py (£)};
(iii) Xm.r(t) = €*55° for some integer v.

Definition 44. Given m, M, N € N*, t € {0,...,m — 1}, r = (r5) € R(M) and
5= (s5)s|n € R(N), we define

F(s,r,m,t)(T Hns‘; o7) H G,/ (T,7).

S|N t'€Ppy 1 (t)
We are ready to state our main theorem:

Theorem 45 (“Main Theorem”). Let (m, M, N,t,r = (r5)) € A*, s = (ss) € R(N) and
55", Then F(s,r,m,t) € K(N) iff all the conditions

v an integer such that xm r(t) =
(34)-(37) hold:

| P (8)[w(7) 4+ w(s) = 0; (34)

v+ |Pm’r(t)|?\;aoo( +0x(s) =0 (mod 24); (35)

[P (1) 5 7-00(r) + 00(s) = 0 (mod 24); (36)
|P'"7/17‘(t)‘

H(mé)‘”l II(s) is a square. (37)

5| M

Proof. Let B be as in Theorem 37 and define

Ss
£ 1= BIPnrOlyab (1)e=F (Froo(o)—bom(9)-3ule) T <C/5)
7’,‘ a
5N
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ab
For v = € T'o(NV)* holds:
cd

F(s,r,m,t)(y7)
| I et | T[n 697

/€ Py (1) 5N
H Imyo,(T) - H n*(67)

| Pm,r (8) |w(r)+w(s)
—(—i(Ci + (1)) . ;‘ -
t'el m,r(t) 6|N

(because of the relation (14) and (n(6y7) = (—i(cr + d))2 e(a, 6b, $,d)n(0T), v € To(0)*,
by (24), together with Theorem 37)

:(—i(w—l—d))wf H It (T) Hn”(&)

t' € Py, (t) S|IN

(because of (i)-(ii) in Lemma 43).

Assume (34)-(37). Then because of (34), the last line of (38) reduces to

§ H 9m,t/ (T) H n* (57—)

t'€ Py (1) SIN

Next we prove £ = 1.

ab
First we note that for arbitrary positive integers N and ¢ with 6| N and v = €
To(N)* one has
) c/8\ [ 6° o
== )(=)=(=). 39
(7)-() (%) -G @
This follows from (23). We have that

[P (8)]

[rs| )
¢&= H <ma65) o~ 5 (B 00(r)—mbo o (r)=3w(r))

~ ez"ézb” e~ "iiga(ﬁoo(s)—brroo(s)—Bw(s)) H @ .
a

5N
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2miaby
24 )

(by (30), and by x4 .(t) = e

_

— o= 5 (1Pm.r () R 00 (r)+ R 00(5))

T8l (4t | Ppy () | oo (1) 4000 (5)

X 12
% ¢4 (1P r(B)|w(r)+w(s))
7] [ P ()] ]
med\'" o\ *
e ) I
8| M S|IN
s [P, ()]
~(TI (mcé) " I1 (C(S>Sé
= — -
s|M S|IN
(by (34), (35) and (36))
[P ()]
B (C)lpm,r<t>|w<r>+w<s> (HW m5‘”') 1I(s)
= (3 /

(by (23), and because (%)k = (%)‘kl for all integers i, j, k, with ged(é,j) = 1 and such
that ( ) is defined. )

i
J

=1

(by (37) and (34)).

Since we have proved that F(y7) = F(7) for all v € I'o(N)*, we have F(1) = F(vyT)
for all v € T'g(N) because of Lemma 32.

So we have proved condition (7) of Definition 1. Condition (7i) follows from Theorem
39 and Remark 4. Condition (%), follows from the fact that 7(7) is analytic on H and
that F'(7) generated by finite products and sums of terms of the form n((Ar + B)/C)
which are also analytic on H.

Now assume that F (1) € K(N). Taking both sides of (38) to the 24-th power we
obtain

20 | Py w(r)+w(s
F24(77') _ (CT+d)1 <| s (t)[w(r)+ ())

Since F(y7) = F(7) (by assumption) it follows that

F(7).

P w(r)+w(s
\ (t)\()+()):1

)

(cT + d)12<
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ab

for all v = € To(N)* and 7 € H. This implies (34) because there exists v €
cd
1 1
To(N)* with ¢ # 0 for example v =
N N +1
Consequently, £ = ¢(a, b, ¢, d) reduces to:
s | P (8)]
med " wia (me
_ — B (B oo (r) —mboos (1))
f = H < " ) e 12 \'M
5| M (40)
B R (o) b () T (C‘5> "
siv N ¢
1 1
Taking v = in (40) and using £(1,1,24N,24N + 1) = 1 because of
24N 24N + 1
1 1
F(r) = F(yr) for v = , we find (35) must hold and consequently for
24N 24N + 1
general £ = £(a,b,c,d):
irs| [P (8)] .
med\ " ria me mia ¢ e\’
_ - oo(r) -5 Soo(s) —_ 41
é‘ H(a) e 12 M e 12 N H(a) ( )
5| M 5|N
1 1
Taking v = in (41) and using £(1,1, N, N +1) = 1, we find that (36) must
N N +1
hold and consequently
[P ()] |75 55
mcd ’ cd
I ()
5| M S|IN
which together with (34) implies that
[P (0)]]75] S5
mé )
(%) ()
S| M 3N
s ) P @]
(ITsas(ma)lral) e

a

Next we observe that for each a > 0, with ged(a,6N) = 1, there exist b,¢,d € Z such
ab
that v = € I'y(IV)*. Therefore to prove (37), and thus our main Theorem 45, it

cd
is enough to prove the following Lemma.
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Lemma 46. Suppose x € Z. If (%) =1 for all a € Z with ged(a,6N) = 1, a =5
(mod 8), then x is a square.

Proof. Assume that z is not a square. Write 2 uniquely as z = 2%y, where ged(2,y) = 1.

=06 @ ()

(42)

If y is a square, then by (42) a = 0 (mod 2), consequently z is a square. Now assume
that y is not a square. Let yo be the square free part of y. Assume that yo = p1 - pk.
Let q1,...,q, be the primes dividing N and not dividing 6yy. Then there exists d €
{0,1,...,p1 — 1} such that (%) = (—=1)®*!. By Chinese remaindering we can solve the
system

a=5 (mod 8),
a=d (mod py),
a=1 (mod p;), fori=2,... k,
a=1 (mod¢;), fori=1,...,n,

and if p1 # 3, a =1 (mod 3).
Hence ged(a,6N) =1 and (%) = —1, a contradiction to (42). O

Consequently x must be a square and (37) is proven. O
We do the order estimation in view of Lemma 2 together with (11).

Theorem 47. Let (m,M,N,(r5)) € A and s = (ss) € R(N). Assume for F(s,r,m,t)
as in Definition 44 that F(s,r,m,t) € K(N). Let p and p* be as in Definition 38.
Let {v0,...,7} € SLa(Z) be a complete set of representatives of the double cosets
Lo(N)\SL2(Z)/SLa(Z) e with v = id.

Then fori=0,...,n,

N

ordfy\i (F(s,r,m,t)) > m (|Pm,r(t)\p(’y¢, r) 4+ p* (v, s))

ab
Proof. Let v = € I'o(N)viSL2(Z) s, 1 < i < n. By Theorem 39
cd
g~ Pmr OO +2" (1)} (o 4+ @)~ Pmr Ol 3wE) F(s 1, ) (v7)

is a Laurent series in powers of ¢'/* with 0 principal part, for some k € N*. Noting
2Py (t)|w(r) + 2w(s) = 0 because of (34), the desired estimate follows. O
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3.1.  The Algorithm

Given m, M, N e N*, t € {0,...,m — 1} and r = (rs) € R(M), we want to decide if

there exists s = (ss) € R(N) such that
F(s,r,m. 1) € (B(N))q. (43)

We solve this problem by splitting in two cases.

First case: (m, M, N,t,(rs)) € A*:

Note that by [8, Thm. 1.64] (E(N))g € K(N). By Theorem 45 we know that there
exists an s = (s5)5n € R(N) such that F(s,r,m,t) € K(N) iff the conditions (34)-(37)
are satisfied. By Lemma 20 there exists a modular function u(r) := []5 5 n"?(67) such
that ordiv(u) > 0 for all v € SLy(Z) \ To(N). Then by Theorem 47 we have that

N

N
OI'd,y (F(s,r,m,t)) > m

([P (D) [P(y,7) + D" (75 8))s

and, consequently, for k € N,

ordf (4" F(s,r,m, 1)) > kord] () + al )(IPm,r(t)lp(%T) +p7(18),  (44)

ged(e2, N

for all v € SLa(Z) \ To(V).

Next we find a complete set of double coset representatives R := {y0,71,-..,Vn} for
the double cosets T'g(N)\SL2(Z)/SLa(Z) . We choose the k such that for each v € R,
v & To(N), the right hand side of the expression (44) is positive. In this way

pFE(s,r,m,t) € K¥(N).
Next we use Lemma 25 to compute a finite set of generators my,...,mgs for E®(N).
That is
E*®(N)={m{"ms*---m$ : (aq,...,as) € N°}.
Next we input myq,...,ms to Algorithm AB to obtain a ¢ and zi,...,z. such that
(z1,...,2r)qu = (E°(N))g. By Lemma 28 there exists a k' (which is constructed as
in the proof of Lemma 28) such that p* (E(N))g C (E>(N))g. Next we apply the Al-

gorithm MC in order to see if y* ¥ F(s,7,m,t) € (z1,..., 2 )gjy- In case this is true we
apply the Algorithm MW to compute ¢1(t),...,c.(t) € Q[t] such that

,u’”le(s,r,m,t) = Cl(t)zl + CQ(t)ZQ +--+ Cr(t)zr~
This implies that
F(s,r,m,t) = M_(k+k/){61(t)z1 +ea(t)ze + -+ ()2} € (E(N))g.

In this case the algorithm succeeds. In case the Algorithm MC returns “False”, then
F(s,r,m,t) ¢ <E(N)>Q

Second case: (m, M, N,t,(rs)) & A*: We decide the existence of a suitable s € R(N)
by checking 24 cases: For each fixed j € {0,...,23} we examine whether there exists
5= (s5)s;n € R(N) with og(s) = j (mod 24) such that

F(s,r,m,t) € (E(N))g C K(N). (45)
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Let N’ be minimal such that (m, M, N, ¢, (r5)) € A*. (Note that such N’ always exists.)
Given x € R(N), we define T = (T5) € R(lem(N, N')) by

xs, if O|N

Ts =
0, otherwise

In particular, if (45), then F(5,7,m,t) € K(lem(N,N’)). By Theorem 45, (3;5)s/n
satisfies (34)-(37). By solving (34)-(37), for s € R(lem(N, N')) with o¢(s) = j (mod 24)
and 55 = 0 if § { N, we determine $ uniquely up to addition by an element u, where
u = (us) € R(N,0,0,0,1). But we know that [[ 5 n**(67) € E(N). So in order to prove
the existence of s = (s5) such that F(s,r,m,t) € K(N) it is sufficient to determine it up
to addition by an element in R(N,0,0,0,1).

Following the steps in the previous case we obtain by Theorem 47,

ordifm(N’Nl)(F(s, r,m,t))

lem(N, N") .
zgcd(CQ, lem(N, N')) (‘Pm,r(t”p(% r)+p* (v, 5))

Let € K°°(N) be as in Lemma 20. Then

ord! ™ NN (4 (s, 7, m, 1)

/ lem (N, N') (46)
>k dlcm(N,N) ) Pm (t % .
2hord N () + e N (P (Ol 1) + 97 (7,5
Next we find a complete set of double coset representatives R := {71,...,7v,} for the

double cosets
To(lem(N, N")\SL2(Z)/SLa(Z) o -
We choose the k in (46) such that for all v € RN(SL2(Z)\I'o(N)): ord}ycm(N,N’) (UFF(s,r,m,t))
is positive. Then
pFF(s,r,m,t) € K*=(N).

Finally one needs to check if

pFF(s,r,m,t) € (E®(N))g, (47)
which can be verified analogously to Case 1. If (47) is false for each j € {0,...,23}, then
F(57 r,m, t) ¢ <E(N)>Q

3.2. A Necessary Condition Regarding the FExistence of Certain Ramanujan-Kolberg
Identities

Given M € N*, r € R(M) and integers m > ¢t > 0, we show that there exists N € N*
and s = (s5) € R(INV) such that

A = go(mtirs) H ﬁ (1 — gom)®s H i ar(mn+t)q" € K(N),

5‘N n=1 tlepwn,r(t) n=0

where o4y
Ooo (8) I Z + 0o (T)

t =
o(m.t,7,5) 24 24m

/€ P (t)
The existence of such (s, N) is a necessary condition for the existence of B € (E(N))qg
such that (A, B) is a Ramanujan-Kolberg identity.
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Lemma 48. Given x1,x9,x3,d € N*. Let p1,...,pr be the odd primes dividing d. Let
N € N* be such that N =0 (mod 24p; - - - pi). Then there exists (ss) € R(N, —x1, —x2, —23,d).

Proof. Noting that s = —x1 — > _siv S5 we need to find (sg)sin5 51 such that d 0%s
b IN, 67 8|N

is a rational square and

xo — a1 + 2(5 —1)ss=0 (mod 24),

5|IN
5#1

N
x3 — Nay —1—2(? — N)ss=0 (mod 24)

5|N
§#1

which because of N =0 (mod 24) may be rewritten as:

2y— w1+ (6-1)s5=0 (mod 24), (48)
s
N
r3+ Yy 555=0 (mod 24). (49)
§|N
§#1

By the Chinese remainder theorem it is sufficient to define (ss)s 521 modulo 8 and
modulo 3. Assume that d = 2vp}* ... p* and 2?|N, 27! { N. Then we choose s5 = 0
(mod 8) if 6 & {2,4,2? py,...,pr}. We choose sp; = v; (mod 8) for j € {1,...,k}. Then
d]Isn 0% is a square if

S92 4 ¢s96 =0 (mod 8). (50)
We see that ss, s4 and ags must satisfy

Y1+ 52+ 354+ (2° = 1)age =0 (mod 8), (51)
N N N
Yo + o 52 + 75 + 5 92¢ =0 (mod 8) (52)
where

Y1 :=xo —x1 + Z (6 — 1)ss,

5|N
5¢{1,2,4,2¢}

N
Y2 =23 + Z 5 50
S|N

5¢{1,2,4,2%}
There exists a solution (s2, 54, $94) to the equations (50)-(52) because of

0 ¢ 10¢
20 -1|=[111|=1 (mod 2).

N A e e
sz w

x5 001
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Next we need to specify (s5)sn,5-1 modulo 3 such that (48)-(49) are satisfied. We choose
s§ =0 (mod 3) if 6 # 2, N. Then we have

Ty —T1 + 52 — sy =30,

N
x3+582+sNE30.

Since & =3 0 because of 24|N we see that this system has the solution (so,sy) =

(1 — 29 — 23, —x3) modulo 3. O

Corollary 49. For all (m, M, N,t,r = (r5)) € A" with 24|N there exists s = (s5)s5|n €
R(N) such that F(s,7,m,t) € K>®(N).

Proof. Lemma 48 implies that if 24| N we may always find a solution s € R(N) to (34)-
(37). The function that corresponds to this solution is then multiplied by a high enough
power of a p € K°°(N) as in Lemma 20 such that the result will be in K*°(N). O

Remark 50. We note that Corollary 49 implies that if 24| N and (m, M, N, (r5),t) € A*,
then we can find a Ramanujan-Kolberg identity, whenever (E>°(N))g = K°°(N). That
this is the case was conjectured by Newman [6, 7]. Assuming Newman’s conjecture we
thus could always find Ramanujan-Kolberg identities. But this conjecture is not true in
general, as shown in the next subsection.

3.8. A Counterezample to a Conjecture by Newman

We want to find generators of 21, 22, ..., 2, and t € E*(49) such that every element
x € (E*(49))g is expressible as

x=co(t)+c1(t)z1 + -+ en(t)zn, ci(z) € Qx].
We know from Example 27 that £°°(49) is generated by

(7))
Xii= n(497)

o n(7T) \?
Xoi= (17(497))

o n¥(7T)
A A9r)

We apply the Algorithm AB to the input {X;, X5, X3}. Following the algorithm we start
with L := {} and M := {X;, X5, X3}. Since L # M we apply the Algorithm MB to M.
The output is then z; := X5 and ¢t := X; because of
X3 =X} +7X7 + 21X} +49X3
+ (147 + 7X2) X7 + (343 + 35X2) X + 49X, + 343.

Set L :={z1}, M := L. At the next step we have to check if 27 = X3 € (z1)q[. We find
that

(53)

X3 =X{ +7X%+21X7 + 49X}

[ 54
+ (147 + 7X5) X3 + (343 + 35X2) X7 + (49X, + 343) X (54)
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Consequently, 27 = X3 € (z1)g and the algorithm stops returning {z} = {X2} and
t=X;.
Using (54) one finds

(Xy — 49X, —49)2 = (X2 47X, + 7)3(X}? —7X2 + 56X, — 49)
F (X2 47X 4+ T)(7X) — 14)(Xy — 49X, — 49).

Dividing the above equation by (X?+7X; +7)? and setting Z := % we obtain:
7% = Z(7X1 — 14) + X} — 7X{ + 56X, — 49. This last equation implies that Z has
only poles at infinity because it is integral over Q[X;] and X; has only poles at infinity.
Hence Z € K*°(49). However using Algorithm MC we find that Z ¢ (E°°(49))g. This

contradicts Newman’s conjecture above.

4. Examples of Identities
4.1. A Ramanujan Identity Involving > p(11n + 6)q™

Givenm =11,t =6, M =1, N = 22 and (r1) = (1) € R(1) we want to decide
if there exists (s5) € R(22) such that (43). We are in the “First case” of the algorithm
because (m, M, N, t,(rs)) € A*. We have to solve (34)-(37) for s = (s5)5;5 € R(N):

Next we need a function p(7) =[]0 7" (07) such that 01"d3¥2 (1) > 0 for all v € SLo(Z).
Note that if (ss) satisfies (34)-(37) above then so does (s5 + kus). Furthermore, we have
uFF(s,r,m,t) = F(s + ku,r,m,t) so that instead of constructing p we solve directly
(44):

p(v,7) +p"(7,8) 2 0, (55)
for all v € SLa(Z) \ I'p(22). We can prove that in general
dged? (68, Zc)
p(y,7) = — Z 7‘576[ (56)
seald =1 5|M
Since v € T'g(22) iff 22|c, we find that (55) is equivalent to
) 1 ged?(6d, me) 1 ged?(6,¢)
= ory \" ') — oY\
(mn ) g 20 6D

ged(d,c)=1 S|IM S|IN

for all ¢ € Z such that 22 { ¢. From this new expression (56) of p(y,r) we see that the
value of the expression is the same for ¢ = ¢; and ¢ = ¢o if ged(cq,22) = ged(eq, 22).
Hence we only need to verify (57) for ¢ € {1,2,11}. In particular we find that

(s5) = (51, 82,511, 822) = (10,2,11, -22)
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satisfies (57) and (34)-(37). Consequently,

(oo}

> p(lin+6)q" € K>~ (22).
n=0

s O (T)n?(2r)ntt (117
Fr) = gt L )7725(2;7;)( )

In the next step we need to multiply the above expression by an appropriate power
of u. In general, one can compute a suitable p by solving a corresponding system of
Diophantine inequalities. But for reasons of space, we will try directly to see if the above
expression lies in (E*°(22))q. Using the proof in Lemma 25 and removing the generators
that can be written in terms of other generators, we find that a set of generators of
E*°(22) is given by:

n®(2r)n* (1) n2r)n't(A1r) 9" (D)n*(11r) 7°2r)n°(117)
nt(m)nd(227) " n(r)n't(227) " nP(27)n7(227) 0 (T)n0(227)
n*2r)n* (1) n*(r)n*(27)n'0(11r) o' (r)n"*(117)

ni2(227) nl4(2271) Topi6(227)

Applying Algorithm AB with this input we obtain ¢ and {21, 20} where

_ 3 ' (mnP(1ir) 1 pP@2n)nt(iln)  1g2r)nt(117)

T n3(2T)n7(227) 11 pA(T)nd(227) 8 n(r)nt'(227)

C 5 T (mn*(1r) 2 p*@r)n*(11r)  1p27)p''(llr)
88 n3(27)n™(227) 11 m(m)nd(227) 8 m(r)ntt(227) 7

zZ1 =

L Lt(miin) 3 nS@2r)nt(ilr) | 5y(2r)yt(117)
P AP rnT(22r) 1L i(r)R(22r) 4 p(rnti(22r)
Using the Algorithm MW described we find that F'(7) € (E*°(22))q:

1 ()R (117) &

11n + 6)¢"
q 2 (227) ;p( n +6)q
=1078t* + 13893t3 + 31647t% + 11209t — 21967 (58)

+ 21 (187t 4 5390t* + 594t — 9581)
+ 22(11t% + 2761¢> + 5368t — 6754).

Note that
L () nP@en)nt(ilr)  n2r)ntt(11r)
e een T ez e
Hence
L' (mnPlr) - nd(2r)nt(117)
= enn@2n) T (22n)
40 40
310 gD o (mod 1),

W@ e
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Similarly, using () — q (mod 8) we find

n*(27)
7 3 11
gt =31 (Nn°(lr) . 9(27)n~(117)
n*(27)n"(227) n(r)n' (227)
7 3 11 7 3 11
—g 1D () oy (O () _ gy,
P2r)nT(22r) P (27)n7(227)
This implies that the g-expansion of ¢ has integer coefficients. Analogously, one can
prove the same for z; and z2. Consequently, (58) implies p(11n+6) =0 (mod 11) because

each coefficient on the right side of (58) is an integer divisible by 11.

4.2. A Ramanujan-Kolberg Identity Involving Broken 2-Diamonds

In [1] George Andrews and Peter Paule introduce a new kind of partitions called
broken k-diamond partitions which they denote by Ag(n). In their paper they conjecture
that

As(25n+14) =0 (mod 5).
Chan [3] proved this conjecture and found and also proved the related congruence
As(25n+24) =0 (mod 5).
We will give a different proof of these two congruences here. From [1] we know that
S rm (- q )1 —q™)
Z AQ( - H — 1 _ q10n)

n=0

Let

o0

>t = [T =
n=0 n= 10")
Because of (1 —¢")® =1 — ¢°" (mod 5) it follows that a(n) = As(n) (mod 5). Conse-

quently, it is sufficient to prove

a(25n + 14) = a(25n +25) =0  (mod 5). (59)

Given m = 25, ¢t =14 , M = 10, N = 10 and (rs) = (2,1,0,—1) € R(10) we want to
decide if there exists (ss) € R(10) such that (43). We are again in the “First case” of the
algorithm. Analogously to the previous example we find that

n12(27_)7710(5,7_) oo . 00 . N
3/2W (; a(25n + 14)q ) (ngo a(25n + 24)q ) € K*(10).

The generators of E°°(10) are given by:
n’(T)n(57) 0t 2r)n?(57) n(27)n*(57)
n(27)n*(107)" n?(r)n*(107) " n(T)n>(107)

We apply the Algorithm AB with this input and obtain

_ _n°(7)n(57)
n(27)n?(107)
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and empty set {} for the generators z1, ..., z.. Consequently (E*°(10))g = Q[t]. By using
the algorithm in Note 1 we find:

q3/2w (i a(25n + 14)q") (i a(25n + 24)q”)
n=0

1% (7)n*(107) (60)

n=0

= 25(2t* + 28t% 4 155¢% + 400t + 400).

One can prove that if A and B are power series such that AB =0 (mod 25), then only
three cases may occur: Case 1 where A =0 (mod 25), Case 2 with B =0 (mod 25), and
Case 3 where A = B = 0 (mod 5). Since a(14) = 5 and a(24) = 10, it follows that we
are in Case 3. Consequently, we have proved (59).

Remark 51. For As(n), instead of a(n), we could also find an identity similar to (60).
However, this identity turns out to be much bigger.

5. The Ideal of Relations Among Certain Eta Products

We note that given arbitrary eta quotients myq,...,ms; € K(N) we can find generators
for the ideal generated by all possible relations among myq, ..., ms in the following way.
First we multiply my, ..., ms by an eta quotient u € K°°(N) as in Lemma 20 such that
mifh,...,mgp € K*(N). We define mj := pm;, m;,, := pu. Note that every polynomial

relation f(my,...,ms) = 0 can be rewritten multiplying ¥ with a sufficiently large &k
such that
pFf(ma,. .. mg) = F(ml, ... ml,ml )
for some multivariate polynomial F.
Next we input m/,...,m}, m/_ , to Algorithm AB.
Assume that the output is ¢ and by, ..., b,. In particular b;b; € (by,. .., b, )qgpq. Conse-
quently, for every i,j € {1,...,r} we have relations of the form
blbj = C1ij (t)bl + ot Crij (t)b,« (61)
for some ¢145(t), . . ., ¢rij (t) € Q[t]. These relations generate all relations among ¢, by, . .., b,

because every other relation can be reduced using these relations to a relation of the form
c1(t)by + -+ + ¢.(t)b, = 0. Since pord(t/1b;,) # pord(t/2b;,) whenever (i1, j1) # (i2, j2),

we find that such a relation can only exist iff ¢;(t) = -+ = ¢, () = 0.
Next we recall that there exist multivariate polynomials f; such that
m;:fi(tabla"'vbr) (62)

fort=1,...,s+1. Computing a Grobner basis Sy of the ideal generated by the relations
(61) and (62) with the order by > --- > by >t > m/,;, > m} > --- > m] we obtain

that Sy := S1NCmY, ..., m}, m/, ] generate all the relations among m/,...,mj,m{ .
We then substitute back m; = m;u and m), ; = p and view (S3) as an ideal in
Q[ma,...,ms, p]. The ideal of relations among my, ..., ms is then given by

Ii={f(m,...,ms): penp" f(ma,...,my) € (S2)}.

The generators of the ideal I are found by computing a Grobner basis S5 of the ideal
(S2U{1 — pz}) with the order z > p > mg > -+ >mq. Then I = (S3NQ[myq,...,ms]).
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