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MBD game

MBD game — what game?

@ Given a graph G = (V, E), two players take turns to claim a
vertex from V' that is unclaimed yet.

@ One is called Dominator (the maker), the other is called
Staller (the breaker).

@ Dominator wins if all the vertices he has claimed form a
domination set of G.

@ Staller wins if she prevents Dominator from winning, that is to
claim some vertex and all its neighbors, so that Dominator
cannot dominate that vertex with any of his claimed vertices.

@ This game is called the Maker—Breaker domination game,
abbreviated as MBD game.



MBD game

Maker—Breaker domination number

@ The minimum number of moves for Dominator to guarantee
his winning of the game on a given graph is an invariant for
the graph.

@ This number is denoted by yp5(G) when Dominator is the
first one to play, and by v},5(G) when Dominator is the
second to play.

@ Note that this number is usually denoted as oo if Dominator
does not have any winning strategies for the game; this
number is finite when he has a winning strategy.

@ Domination number of a graph G is the cardinality of its
minimum-sized domination set(s), denoted by v(G); such sets
are called y-sets.



MBD game

Today's content?

o First, we investigate a base case for the graph structure when
its Maker—Breaker domination number equals to its
domination number.

@ Second, we figure out the domination number for P,[1P,,.



YmB(G) = v(G) =2

Which graphs have this property?

It is obvious that yyg(G) =1 if and only if v(G) = 1.

Let G be a graph with v(G) = 2. Then yvg(G) = ~(G) if and
only if G is a spring graph with 2 groups.




YmB(G) = v(G) =2

spring graph?

o Let Q1 :={a}, Qi :={bj, ¢} for 2 <i < k. Note that
a, by, co, ..., by, ckx are pairwise distinct vertices. Denote by
Q= Uf;l Qi.

o Let A; be a set of vertices such that A; N Q; = () for all
1<i,j < k. Denote by A := Uf‘zlA;.

@ We see that AN Q = 0.

@ Let G be a graph such that V(G) = QUA, and E(G) be such
that any vertex in A; is adjacent to all vertices in Q;, and that
either {b;, c;} € E(G) or b; is adjacent to all vertices in Q;, ¢
is adjacent to all vertices in Qx for some j, k # i.



YmB(G) = v(G) =2

spring graph

@ If a graph can be obtained from the described process, we call
it a spring graph with k groups.

e We say that graph G, = (V, E3) is an expansion of graph
G = (Vl,El) if Vi =V, and E; C E.

@ We see that any expansion of a spring graph with k groups is
still a spring graph with k groups.

Figure: This is an illustration of a minimal spring graph.



YmB(G) = v(G) =2

spring graph and its domination sets

Let G be a graph with v(G) = k > 2. Then the following two
statements are equivalent:

QJg hiat /ea£2k_1 y-sets and each of them has the form
{a, Q2,- -+, Qx}, where Q; (2 < i < k) represents one element
in set Q; = {bj, ¢;}.

© G is a spring graph with k groups.




YmB(G) = v(G) =2

proof: 2 = 1

@ Let G be a spring graph with k groups, and with
1G) =k =2

@ It is not hard to see that there are
each Q; (2 < i < k) has two choices.

@ We only need to show that such set is indeed a 7-set of G.

o Let S:={a, by, -, by}

@ From the structure of G, we know that ¢; is either adjacent to

b, or to all the vertices in some Q; (j # i), which says that ¢;
is adjacent to bj or a (when j =1).

2k=1 many such sets, since

@ Therefore, any vertex of G that are not in S has a neighbor in
S. This implies that S is a dominating set of G.

@ Since |S| = k = v(G), we know that S is a y-set of G.

@ The other cases when Q; = ¢; for some 2 < i < k can be
argued analogously.



YmB(G) = v(G) =2

proof: 1 = 2

Let G be a graph fulfilling the condition described in item 1.
Recall that Q = {a, by, ¢, . .., by, ¢k}

Consider the dominating set D = {a, by, ..., bx}. Assume ¢; is
not adjacent to a or b;. Then we substitute b; € D such that
b;j is adjacent to ¢; to ¢j, forming another dominating set D’.

Then, there exists | # i such that ¢; is adjacent to both ¢
and by, since D’ is a dominating set. Therefore, ¢; must be
adjacent to either a or b; or both vertices in Q; (/ # i).
Because of the general symmetry of b; and ¢;, we get the
following requirements on the edges between vertices in Q:
o either {b;, ¢} € E(G) or b; is adjacent to all vertices in Q;, ¢
is adjacent to all vertices in Qx for some j, k # i.



YmB(G) = v(G) =2

proof: 1 = 2

o Let v e V(G)\ Q. Suppose there exists g; € Q; such that v is
not adjacent to g; for each 1 </ < k.

e Consider the dominating set {q1 = a,q2,...,qk}.

@ Vertex v is not dominated by any vertex in this set, which
leads to a contradiction.

@ Hence, there exists @; such that v is adjacent to all vertices in
Qi. Then we put vertex v € V(G) \ Q into group A;.

@ So far we have proved that G is an expansion of some minimal
spring graph with k groups, hence is also a spring graph with
k groups.



YmB(G) = v(G) =2

open problem

@ we gave the structural characterization for the graphs G with
Y(G) =vme(G) =k=2.

@ We introduced spring graphs for the description and gave an
equivalent description in the view of domination sets for such
graphs.

@ It would be interesting to see if these results can be of any
help when k > 2.



o Let V, ={u1,...,un, Vi, ..., Vn}.

o Let B, = {{uj,uit1} | i=1,2,..,n—=1} U{{v;,vip1} 1 i =
1,2,..,n—=1}U{{u;,vi} : i =1,2,...,n}.

e POP, := (Vy, Ey).



Ymg(P20Py) = n for n > 1, and Dominator cannot skip any
moves, otherwise he cannot win.

e For v),5(P20P,) < n, we propose the “pairing strategy” .
@ The pairing vertices are {v;, u;}, there are n pairs.

@ Whenver Staller chooses one vertex, let Dominator choose its
pairing vertex.

@ In this way, he can win within n rounds.

@ For the other direction, we need a proposition first.



Proposition

Yme(pm) = m for m > 0; when m > 2, Dominator will not skip
any move, otherwise he would lose the game.

By pm (m > 0) denote the status of the graph P,[JP,, during the
MBD game. This is when v» is already claimed by Staller and uy is
already dominated by Dominator.
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Figure: This is an illustration of the graph p,.



Ymg(P20Py) = n for n > 1, and Dominator cannot skip any
moves, otherwise he cannot win.

Proof.

For the other direction, it is easy to argue when n = 1. When

n = 2, let Staller choose uy for the first step. Then we see that the
remaining game is harder for Dominator to win, in comparison with
playing the game on the graph p,. By the above proposition, we
know that Dominator needs n steps to win on p,, and he cannot
skip any moves. Hence ~},5(P.0P,) > n, and Dominator cannot
skip any moves. [

V.




yme(P:0P,) =n—2, n>13.

For one direction, we need the following theorem.

yme(P20P13) = 11.




ywme(P:0P,) =n—2, n>13.

@ Consider the graph as the two subgraphs A := P>[P;3 and
B = P,[1P,_13 connected by edges {u13, u14}, {v13,v1a}, up
to isomorphism.

@ Let Dominator start the move on A and respond on A
whenever Staller claims a vertex of A, using the strategy for
P>[P13; and let Dominator respond on B with the pairing
strategy whenver Staller claims a vertex of B.

@ In this way, we see that he needs within 11+ (n—13) =n—2
steps in total, in order to win. Therefore,
’YMB(PZDPB) S n— 2, n Z 13.

@ For the other direction, we need the following theorem first.



yme(Xm) > m—2 form > 1.

By X (m > 1) denote the status of graph P,[0P,, during the
MBD game. This is when uy is already dominated by Dominator.
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Figure: This is an illustration of the graph X,,.



yme(P.OP,) =n—2, n>13.

For the lower bound, yyg(P20P,) > vyme(Xs) since P,OP, has
one more un-dominated vertex than the graph X,. Hence
yme(P20P,) > yme(Xn) = n— 2 when n > 13. To conclude,
’yMB(PQDP,,) =n— 2, n Z 13. L]




open problem

@ The exact result for general cartesians P, 1P, does not seem
easy.

@ It would be interesting to consider the situation for P3[1P,, as
a starting point.
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