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UTP semantics of non-deterministic side-effecting expression

Author: Jiayue Qi
Tutor: Andrew Butterfield

Tutor: Yi Qi

Abstract

C programming language is safety-critical, in order to reduce the problems caused by its
loose semantics, we are going to use Unifying Theories of Programming framework to give a
semantics to an imperative language with global variables, side-effecting functions, and
arbitrary sub-expression reordering, and then use this to explore how to formally define
“safety”. The main technology roadmap we use in this paper is to first find out a set of new
semantics and then check the healthiness of eleven basic laws, then use those laws to check
the healthiness of our new semantics to see if they match the prescript healthiness conditions,
then we do some work to make the previous semantics better. The most important ways of
doing proofs are from the module Formal Methods and many ideas related to First-order
predicate calculus. At last, we gained a new semantics and definitions of syntax successfully

though there is still a long way to go.

Key words: C semantics, Unifying Theories of Programming, non-deterministic,

side-effecting
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logfac:
int logfac(int n) {
int n, f;
X=n;
f=1;
while (x $>$ 1) {
f=xkf ;
x=x-1
}
count =count+l;
return (f)
TR, BANG AT IR
yl = Jogfac(z)+ logfac(z)
y2 = 2% Jogtac(z)
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FAVERE R E ) 5 SRR IR, JF B2 MAr T2 e AR i, EAVE R TP
PATHI —DE =
pFg=0kAp=o0k'Aq f(v,---,v) = p € FuncDefn
XH ple— M R FIEE T — AR, IERITE LM EREiEE,
% BRI E AL PR AE FT e A -
keConstant — SCFBE &
O e Operator ~ —JUIBELF, W: +-x,/,<,=,...
eckxpr ::= k|v|eoe|f(e,...e)
RIGEAPRE RN FEE, TR EY RAE R A — VR4 1R PR A -
peProg:=Skip|v:i=e|p;q|p<cr>q|c® p|Ret(e)
AR RATRIZ SRR P4 T F I X
p,qeProg:=skip  ABATEMMEAE ¢ \circledast p

| vi=e i A

| pig PAT p, BRIEIAT g
| p<c>q WER ¢ BALEAAT p, ST g
| c@®p 2 ¢ BOLIAT p

LR

(1) skip HAHAM, (HER E AL ZIRA
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3 XT CESHIESANEX

N T AR IR g — BRI, FATRES (2 P o 78 L AR
@’

2plkin, RIBNA x:=e HLUTFHIEL:

AN e MEXAFFEIF FE LR, BAOEH o MREME, FHHE
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3118
BIATE T IXA2AL LS FATH AT LA I DU J7 gk e a5 AT AEm e v A B
S ()8 5 TEE T
f(v,---,v) £ p e FuncDefn
keConstant — SCFEHEH &
O e Operator ~ —JUIBELF, W: +-x,/,<,=,...

eckxpr ::= k|v|eoe|f(e,...e)

peProg:=Skip|vi=e|p;q|p<c>qlc®p| Ret(e)

3.1.1 #8515 AR
WATSZRE ok FBAE—MEMAR R, SRERREN, ERIATHSZIMA S I—
KPR IR res SRIERE Ret (+ )INEEFIRFS .
SR, AT XA EAE— NP JRE— DA &, POy E MRS
Fi i — b 48 S SCH AR A 1 77 kA8 F IRELE £
WAURE— T EEIRA HIAERATGFEF IESCH: ok A res.
M ={ok}
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S ={res}uUprogram variables

3.1.2 fpR M
MAERANRAE “Hit” FFRAR: phg. B—N&iE D # R LS st R
ok AP = 0k'AQ
BB IRE B B RN RS
(F—def) P=>Q20kAP=0k'AQ

EANRRTT AT HHAE BRI — it — Nk b RiEs (8]
AR AN RN ) KR &R

NI ERA R e A
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FAVE PR BT B, SR A SRIBR AR DY A e o 1«

pFgq=0kAp=0k'AQ

H1 vi=e?=True 3 ee[ry/res;v = AS\v=S\v P=0ok=P
H2 P=P;((ok = 0k")AS'=S)

H3 P = P; Skip

H4 P;true = true
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H2[P[False/ok 1= P[True/ok]
HH T30 AT LU R A e PEIFITE, 2 ok BRMPIENE P B2 5, FHY ok’
e FL IR IRHR S — 2 R
H2 g HESF A2 50 2 T IR VE A4 1 «
{; -H2-R-Unit) P;J=P
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JUAS 2 TF 1
(1) J& 5 AFAE BE 2 B FRATT 24 58 ORI e A2
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FEWT R 7 AR A
(2) AT G A LB AT LA T A1 (RIXEE fac) WA BR )1 B2 A E VY
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32BN

— AN UHIE SZ U Y
k =trueres'=k AS"\res=S\res

Vv =true~res'=vaAS'\res=S\res

eloe2 = 3r e ((elr, / res';e2)) M ((e2[r, / res'];el));res:=resOr,
Ret(e)% 3ryee[r, /res’];res:=r,

f(e)=3reer, res pr v ,where f(vV)Zp
vi=e=TrueF3ryee[r,/res,v'=r,AS\v=S\v

Skip =true-S'=S

piq = 3S.,S. e P[S, /SIAQ[S,,S, /S", SIAR[S, / S]
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30, ¢ p[0,, /0]~ q[O, /O]
p<cr>q = 3rec[r/res,nApvarAQ
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NTFHI AR A RS ] BT 5 AR PPk WATS SR Y 2 IR ey I 3 75 2 D5t 2
N IHERAT SR B BL R )
(1) skip-;-alt)
skip, = X =, X
Sl AT E SR AT IR
E -
X =, X
= “:=—def , A={S" ,S}”
X'=XAS\ X' =S\ x
= “merge”
S’ =S
= “skip-def , A={S,S’ }”

skip,

(2) (skip—;-unit)

Skip;P = P
Silig: I B ATREATIEW]
IR

skip; P

= “skip-def”

S’ =S;P

= “. — def”
3S,eS,=SAP[S, /S]

- ¢« 3—1pt »

(PIS, /SDIS/S,]
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= “substitution ‘inverse’ ”

p

(3) {; —skip-unit)

P:skip = P

ARG M Z A AT IR
R :

P:skip

= “skip—def”

P; S” =S

= “;—def”

3S, eP[S, /STAS'=S,

= “A—comm”

35, eS'=S_AP[S. /S

= “=—comm”

3S, eS, =S'AP[S, /S
«3—-1pt »

(PIS, /SDISTS,]

»

= “substitution ‘inverse’

P

(4) {; —assoc)
P;(Q;R) =(P;Q);R
SN WAL RIS, B3 3R R A i
IE B
P;(Q:R)
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= “; —def, {S,S}=outQuinR”

P:(3S, #Q[S. /STAR[S, /S])

= “;—def, {$,S}=out,PuinQ”

3S_ e P[S, /STA(S, *Q[S, /STARIS, / SNIS, / S]

= “def. of substitution, S=S_7

3S, e P[S, /S'1A3S, ¢Q[S, /SIS, / SIARIS, / SI[S, / S]
= “A—3-distr,S, ¢ P[S,/S1”

35 .S eP[S, /S1AQ[S, /SIS, / SIARIS, /SI[S, / S]
= “subst-seq, S¢8§,”

3S,,S,, *P[S, /STAQLS,,.S, /S", SIAR[S,, / S][S, / S]
= “subst-comp, S [S /S]=S, ”

3S,,S, e P[S, /STAQ[S, .S, /S',SIARIS, / S]

(P;Q);R

= “;—def, {S,S}=out Quin,R”

(3S, e P[S, /STAQIS, /S]);R

= “;-def, {S,S'}=outQuinR”

3S_e(3S, e P[S, /STAQIS, /SIS, /ST AR[S, /S]

= “def. of substitution, S'#S,”

3S,, ¢3S, *P[S, /SIS, /STAQIS, /SI[S, /ST AR[S,, / S]
= “A—3—distr,S, ¢R[S, /S]”

3S.,S. e P[S, /SIS, / STAQIS, /SIIS,, / STARIS, / S]
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= “subst-seq, S'g¢S,”

35,5, # P[S, /SIS, / STAQIS.,S. /S,STARIS, / S]
= “subst—comp, S,[S,/S1=S,”

35,5, # P[S. /SAQ[S,,S. /S, SIAR[S, /5]

= “BRTEEVFRIF AL A AR

(5) <> —false)

P<FalserQ=0Q
R :
P < Falser>Q

“def. of <"

False A P v —False AQ

= “ a—comm, false —neg, A — zero,A—unit ”

False vQ

1

‘v —comm,v —unit ”

Q

(6) <> —seq)
(P<c>Q);R=(P;R)<cr> (Q;R)
Sl F) SR L AT HE S, IR AR BN
WEH
(P<c>Q);R
= a5 L7

(cAPv—=CcAQ);R

i o
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= “THEN”

IS, e(cAPv—=CcAQ)[S,, /STARIS,, /S]
= “hml B
S, e (cAP)[S, /STv(=cAQ)S, /STARLS,, /S]

(P;R)<cr> (Q;R)

= “PHIRAER: HIES <> fRE L7

3T W_ecAP[T /TTAR[T, /T]v—CcAQW, /W ARW, /W]
= “fRANFFefE, T,=S,W,=S.”

3S, e (CAP)[S, /STv(=c AQ)[S, /STARIS, /S]

= “UUEALN L C 2w HE T RS AR (R i

(7D <<<1l> —swap »

P<cr(Q<d>R) = (P<c>Q)<cvdr>R

TR RIS A A AT HE R, A3 R RE A A
UEHA:

P<cr(Q<d>R)

= “a>HEX”

P<c>(dAQv—dAR)

= “a>MEX”

CAPv—CA(dAQv—dAR)

1

= “A—v-—distr,A—comm”

cAPv—cAdAQv—-CcAr—dAR
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(P<crQ)<cvdrR
= “PIRAEI <> (E S TEEERRER

(cvd)a(cAPv—=CcAQ)v(—CcA—d)AR

1

= “A—v—distr”
cCAPvCcAdAPV(=cAQAd)v—CcA—d AR

1

= “v—a—absorb,A—comm”

cAPv—cAdAQv—-CcAr—dAR

= “ki = HiL

(8) ( <> —subst

P<c>Qe/x] = Ple/x]<cle/x]>Q[e/x]
il: WIE AT IR

W

(P<c>Q)[e/x]

= e IER
(cAPv—CAQ)e/x]

= <A E
(cAP)e/x]v(=cAQ)[e/x]

= A B
cle/x]APle/ x]v (~c)[e/ x]AQle/ x]
= <A E

c[e/ x] A P[e/ x]v —c[e/ x] AQ[e/ X]
= e IER

Ple/x]<c[e/x]>Q[e/X]
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(9) (=S¢

x=e;x:=Ff = x:="f[e/x]

Felg: WA FATIE]

B

x=ex:=f

= “:=—def A={5,S'}”

X'=eAS\Xx'=S\x;x'=f AS\Xx'=S\x

= “; —def, A={S,S'}”

3S, e(xX'=eAS\X"'=S\X)[S, /STA(X'= f AS\X'=S\X)[S, /5]
= “VERE e WAWMAIAE, FAEX BT E#”
3S,ex, =eAS \X,=S\xAXx'=f[S, /S]AS\x"'=5_ \x,
= “3-1pt,S, 2e,S”
X'=f[e,S\x/X,S\X]AS\x"'=S\x

= “ZmEH[S\x/S\X],:=—def ”

x:= fle/Xx]

(10) (= —SWapy

x=ey.=f

y:=fle/x];x=e,yge
Hlg s M A FATIEY .
WEH

x=ey.="f
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= “i=—def ”

X'=eAS\x'=S\x;y'=fAS\y'=S\y

= 5 EX, B

3S,ex, =eAS \X,=S\xAy'=f[S, /S]AS\y'=S \y,

“I-1pt, FEEHyY =y”
xX'=eny'=f[e,S\e/X,S\x]AS\,. . =S\,

= « = _def ’ @H}%jﬁ [y1 S \x’y /y7 S \x,y] 7

X,y:=e, fle/X]

(11) {sim—:=—def)

1>

- —
X=,6=X "= A AX, "= AS\X ...X,"=S\ X ... X,

(12) (<> -truey
P<True-Q = P
B
P<TruexQ
= “a>MEX”
TrueAPv—True AQ

1

“ A—unit, false —neg,A—zero”
P v False
= “v-unit”

p
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5 BrskruflF

TN R AR F A AN B 3t ek ) g S8
fac(n) £ x:=n; f :=1;
(x>D@(f:=x*f;x:=x-1),
Ret(f)
FATVER] 7 IXAFEH:
y .= fac(3)
ik y BB TME 6, ERWE x M £ 333N T 1 M6 R E AT B 52,
B fac sERENER, BT RECRSHERERME IR, & B3R E PRl KH S
— R
v := fac(e)
= Vv=elaf'=ela(X'=l<ex21>x'=e)AS\ =S\ ;,
(XEBAUEB e £ DFEIE AR, REH KA. )
5.1 X E e
N T AN AT AR AEGE, e E
X+X=2*X
ERIAELLIRA TR & —AIUAE JoglfacH] “XTHE” WAKIF e £, B iH% 1 hnia
IR EL -
log fac(n) £ x:=n; f =1
(x> @ (f=x*f;x=x-1),
count := count +1;
Ret(f)
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