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62.

63.

Determine the singular values of the integral operator K : L?[0,1] —
L?[0,1] given by

S

(K$)(s) = /(s—t)gb(t)dt, 0<s<1.

0

What is the inverse of K7

Let the kernel k be given by

k(s t):= s(1=t), s=t, s,t €10,1],
t(l—s), s>t,

1
(Kx)(s) := /k(s,t):z:(t) dt
0
Compute the spectrum of K : C[0,1] — C]0,1] defined above. Is K
positive semi-definite?
Hint: Show that 0 € o(K). Recall that in Exercise 12 you showed that
Kx =y is equivalent to —y” = x with boundary conditions y(0) = y(1) =
0. Show and use that the eigenvalue problem Kz = Az is related to the

and let

well known Laplace eigenvalue problem —z” = pz, z(0) = z(1) = 0.

For K defined as in Exercise 62, please consider now K : L?[0,1] — L?[0, 1].
Please show that the Picard condition
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does not hold for f = s but does hold for f = s(s — 1) with respect to the
eigensystem (A, 2,) := (=3, V2sin(nms)) of K. What is the meaning of

n2W27

the result for each right-hand side?
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Please show: -

1 7T4
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Hint: Use the results of Exercise 62 and Theorem 2.42.

Is there a symmetric kernel k € L?[0, 1], such that the integral operator
K : L?[0,1] — L?0,1] induced by k has the eigenvalues )\, = \/Lﬁ, neN?
Hint: Use Theorem 2.42.

Please show that the converse statement of Theorem 2.46 (b) does not
hold. In other words, show: if k € C([0,1]?) is a symmetric kernel, such
that k(s,s) = 1 for s € [0, 1]; then it may not hold that k induces a positive
semi-definite integral operator.

Hint: Try k(s,t) =1 —a(s —t)?, s,t € ]0,1].



